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Abstract

This thesis illustrates the existence of minimal surfaces bounded by a prescribed
closed Jordan curve I' C R3. Furthermore, it discusses the existence of surfaces
of non-vanishing constant mean curvature H € R bounded by I'. In the final
chapter it concludes by investigating the boundary behaviour of minimal surfaces
and H-surfaces. It simplifies the discussion of Erhard Heinz and Friedrich Tomi
on the boundary regularity of minimal surfaces and extends their results onto

H-surfaces.
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Chapter 1

Introduction

1.1 Differential Geometrical Consideration

In this section we introduce minimal surfaces by closely following the geometrical
considerations of Stefan Hildebrandt in [I3] and Manfredo Perdigao do Carmo
[2]. The aim is to characterise minimal surfaces as critical points of the area

functional.

Let Q C R? be a bounded domain in R?. Let us consider a surface X :  — R? as
a C%immersion of ) into R3. For vectors a,b € R?® we denote the scalar product
in the Euclidean space by a - b and the length by |a| = \/a - a. More generally, we
denote the inner product of a and b by (a,b). We write X in the form

X(u,v) = (Xl(u,v),XQ(u,v),X3(u,v)),

where w = (u,v) € Q C R% We denote the partial derivatives of X with respect to
u and v as X, and X, respectively. For the gradient of X we write VX = (Xu, Xv)
with |[VX| = | X, > + | X, %

We define the first fundamental form I, on the tangent plane 7,,(X) of the regular
surface X C R3 at point p € X by

Ly(w) = (w,w), = |w|* > 0,

where (wq,ws), denotes the inner product of wy,wy € T,(X) viewed as vectors



in R3. Consider a parametrised curve a(t) = X (u(t),v(t)), t € (—¢,¢) for some
e > 0. Then we can express the first fundamental form in the basis {X,, X, } of
T,(X) with p = a(0) as

L,(a/(0)) = (a/(0), @"(0)),

(a
= (X, u' + X0, Xu' + X0,

— (X, XY (0) + 20X, Xy )yttt + (X, X)) (0))
= 5(u')2 +2FuV + Q(v')Q,
where the coefficients of the first fundamental form are given by
S(u(0)7 U(O)) = <Xua Xu>p7
F(u(0),v(0)) = (Xu, Xo)p,
G(u(0),v(0)) = (Xy, Xo)p-
Letting p run through a coordinate neighbourhood of X (u,v) we obtain functions
E(u,v), F(u,v), G(u,v) and we write
&= <Xu>Xu> = ’Xu’27
F = (X, Xy,) = | Xy Xol, (1.1)
g = <vaXv> = ’Xv|2
for the coefficients of the first fundamental form.

The area element dA of X is given by dA = | X, A X, | du dv, where X, A X,, denotes

the exterior product of X, and X,. Therefore the area functional reads

A(X):/QdA:/Q|Xu/\XU\dudv. (1.2)

Observing that
| Xu A Xo* + (Xu, Xo)? = | X1 X

we write

| Xu A Xy =VEG —F2=W.

Let 5% := {a € R? | |a| = 1} be the 2-sphere. The surface normal of X is the map



N:Q— 52 given by
1
N=—X,NX,.
w

For the parametrised curve a(t) = X (u(t),v(t)),t € (—¢,e) on X with «(0) = p,
the tangent vector to a(t) at p is o/(0) = X, u' 4+ X,v'. Moreover, there holds

dN(a/(0)) = Nyu' + Nv'.

Now we can express the second fundamental form of X in the basis {X,, X,}

" I1,((0)) = —(dN (@/(0)), o/(0))
= —(Nu + N, Xu' + X,0')
= E(u')2 + 2Mu'v + N(v’)2,
where

L =—(Ny, Xu) = (N, Xu),
M = —=(Ny, Xy) = (N, Xup) = (N, X)) = =(Nu, Xy, ) (1.3)
N = =Ny, Xy)) = (N, Xo),

since (N, X,) = (N, X,) = 0, confer [2].

Then we can express the mean curvature H of X as

_1LG —2MF + NE
2 EG — F? '

H (1.4)

We now introduce the notion of a variation. Let eg > 0. We choose a differentiable
function h : Q — R. The normal variation of X (Q2) determined by h is given by
Z:Qx (—50,6()) — R3 with

Z(u,v,e) = X(u,v,¢) + eh(u,v)N(u,v). (1.5)
Fix € € (—&g,€0). Then the map X¢: Q — R3,

X (u,v) = Z(u,v,¢)



is a parametrised surface with

X. =X, +¢ehN,+¢ch,N,
X; =X, +¢chN, +¢ch,N.

For the coefficients of the first fundamental form (|1.1)) we obtain

E° = & + 2eh(Xy, Ny) + *h*(Ny, N,) + e2hyho,
F*=F +eh((Xy, Ny) + (X, Nu)) + °h* (N, Np) + €2y by,
G° =G +2ch(X,,N,) + £2h*(N,, N,) + £2h,h,.

Thus we obtain with (1.3]) and ((1.4)

&G — (F)' =€G — F* — 2eh(EN —2FM +GL) + R
= (£G — F*)(1 — 4ehH) + R,

where lim._,q g = 0. Hence if gg > 0 is sufficiently small, X¢ is a regular

parametrised surface with area

A(X®) / £eGe — (.7-"5) du dv

/ 2 _
/ Eg .7-" \/1 4ehH + gg }_Z)dudv

For small ¢, the functional A is differentiable in ¢, and we compute

/QhH\/ 59 ]-2 du dv. (1.6)

This is the so called first variation of the area functional ((1.2)).

d
—A(X*®)
de

We are now led to characterise minimal surfaces properly following [2]. The ob-

servations above imply

Proposition 1.1.1. Let X : Q) — R3 be a regular parametrised surface. Then the
first variation (1.6)) of the area functional (1.2)) vanishes for all normal variations
(1.5) of X if and only if the mean curvature H (1.4)) of X satisfies H = 0.

Proof. 1If H =0, then (L.6) implies £ A(e )‘ = 0.

e=0



Conversely, assume that the first variation of A vanishes, i.e. %A(a)’ = 0.
e=0

Suppose by contradiction H(q) # 0 for some ¢ € Q. Choose h :  — R such

that h(q) = H(q), and h vanishes outside a small neighbourhood of q. Then (/1.6

implies d%A(s)’ < 0 for the normal variation determined by this A, contradicting

the assumption. O

In other words, for a surface X of vanishing mean curvature there holds that X (£2)

is a critical point of the area functional A for any normal variation of X (€2). This

motivates the following definition [13].

Definition 1.1.1 (Minimal Surface). A C?-immersion X : Q — R? of a parameter

domain Q C R? is a minimal surface if its mean curvature H (1.4) satisfies H = 0.

1.2 Euler—Lagrange Equations

In this section, we derive the Euler-Lagrange equation for the area functional
introduced above. To this end, let Q@ C R? be a domain in R?. Let us consider a
surface X : Q — R? such that X is described as a graph of a function w : Q — R
of class C?, that is

X(u,v) = (u,v,w(u,v)), (u,v) e

Then
| Xy A Xy =14 |[Vuw|?,

and therefore the area functional (|1.2)) reads

A(X):/QdA:/Q|XU/\XU|dudv:/(2\/1+|Vw|2dw =: A(w).



We will now derive the minimal surface equation [27], by looking for a surface min-

imising the area functional. For this purpose let ¢ € C2°(Q2). We compute

d
0= £A(w +ep)

e=0

Vw +eVep
= Ve dw
a1+ |Vw+eVp|?

B VuwVe duw

a1+ |[Vuw|?

Vw
v (—E 4
/Q (\/1+|Vw|2)go v

where we used integration by parts in the last step. Therefrom we infer that w is

e=0

stationary for A if and only if
Vuw
V(===
V14 [V

Equation (1.7)) is the Euler-Lagrange equation for the non-parametric area func-

=0 in Q. (1.7)

tional A. Equivalently,

2

’U:O7

2
Wy Wy, + 2Wy0 Wy Wy + Wiy W
1+ w? + w?

Wy + Wyy —

or
(1 + W) Wyy — 2WewWywy + (1 + w?)w,, = 0. (1.8)

Equation (1.8]) is the minimal surface equation. The surface X is minimal, i.e. is

a critical point of A(X) if and only if w is a critical point of A(w), i.e. if and only

if w solves (1.8]), see [13].

1.3 Generalised Minimal Surfaces

With Hildebrandt’s reasoning in [I3], we arrive at the following theorem.

Theorem 1.3.1. Any C?-immersion X : Q — R? of vanishing mean curvature is
equivalent to an immersed surface represented by conformal parameters, i.e. there
exists a diffeomorphism ¢ : 0 — Q* onto some simply connected domain €2* with
inverse ¥ : Q* — Q such that Y(u,v) := X(¢¥(u,v)) satisfies the conformality



relations

Y. |>=1|Y.]%, Y, Y,=0. (1.9)

We will not discuss the proof here. The theorem shall only elucidate that it suffices

to consider surfaces X :  — R? of class C? satisfying
’XUP = ’Xv’27 Xu : Xv = 0. (1.10)

For these surfaces we find

Theorem 1.3.2. An immersion X € C?(Q,R?) with (1.10)) satisfies
AX =2HX, N X,,
where AX = X, + X, denotes the Laplacian.

Proof. Note that (1.1]) implies that (1.10) is equivalent to & = G and F = 0. This

means for the mean curvature (|1.4])

26 26 R |

On the other hand, by differentiating (1.10|) in v and v we obtain

H =

Thus by symmetry of the scalar product and using Schwarz’s theorem to exchange

the order of the partial derivatives we find

i.e. AX is perpendicular to both X, and X,. Furthermore, (1.10]) gives

1Xu A X, =VEG—F2=¢.

7



Thus X, A X, = (£, N). Combining this with ((1.11)) we conclude

AX =2H(E,N) = 2HX, A X,.

Theorem directly implies

Corollary 1.3.2.1. A conformal C*-immersion X : Q — R3 is a minimal surface

if and only if X is harmonic.

This corollary concludes the introductory section.



Chapter 2

Two Boundary Value Problems

2.1 Minimal Surfaces

Minimal surfaces arise as solutions to Plateau’s problem, named after the Belgian
mathematician Joseph Plateau, whose experiments with soap in 1873 would entail
a challenge for mathematicians in the subsequent century to determine a mathe-
matical formulation to describe them. By forming a frame of iron wire and dipping
it into soap liquid Plateau formed a film, the figure of which was the surface of
least area which has the frame for its boundary [18]. Mathematically, in Plateau’s
experiment, the wire corresponds to a closed Jordan curve of finite length, and
the soap film to a two-dimensional surface in the Euclidean space R®. The soap
film in stable equilibrium corresponds to a surface of least area. Plateau’s prob-
lem consists of finding a disc-type minimal surface of least area spanning a closed

simple curve.

Note that a regular surface of least area has vanishing mean curvature, hence it
is a minimal surface. Instead of finding an absolute minimiser of the area, we
can more generally look for minimal surfaces spanning a closed simple curve. The
latter corresponds to determining stationary points of the area functional [13],
the existence of which was first proved by Jesse Douglas [4] and Tibor Rado [24]
in 1930. In this section we will establish the existence of solutions to Plateau’s

problem following the approach of minimising area amongst surfaces given as maps



from a two-dimensional parameter domain into R?. We follow Richard Courant’s

[3] simplification of Douglas’s proof.

2.1.1 The Classical Plateau Problem

We will restrict our considerations to surfaces X € C°(B;R?) parametrised on the

closure of the unit disc

B ={w=(u,v) € R*| v*+v* < 1}.

The space C°(B;RR?) denotes the space of continuous functions mapping the do-
main B into R3. For later reference, we introduce the spaces C™(§; R™) of m-times
continuously differentiable functions from some open domain Q C R into R” for
some d,n € N. We set C=(;R") := (72, C*(Q;R™) and the space of vectors
z : Q — R" of class C*° with compact support is denoted by C°(2;R™). We

equip these spaces with the usual supremum norm
[2]lco@rn) = sup |z(w)],
we

Izlcmmm == > 1D 2[lcozn)

laf<m

for z : Q — R™. Moreover, we denote by H'(2;R") the Sobolev space of square-
integrable functions z : 2 — R", whose first distributional derivatives are again
in L?(2;R"). We denote the L?-norm, the H'-seminorm and the H'-norm on

by
o1 e, = / 122 duw,

Bz = 12120 / V22 du,

< ey = oWy + Wl = [ (1 + V2P o

respectively. We let H}(2; R"™) be the completion of the space of compactly sup-
ported smooth functions C°(€; R™) with respect to the H'-norm. For all consid-

10



erations on the unit disc B C R? we abbreviate

I2]|72 = ||Z||%2(B;R3)7
Bl |Z|%II(B;R3)7
Wz = 2070 (sps)-
We recall that all z € H'(B;R?) have a well-defined trace z — z|sp € L*(0B),

confer Satz 8.4.3 in [30]. Finally for 1 < p < oo we introduce the general LP-

norms
1< ey = [ 12

and in the case of p = oo we set

|12]| Lo (urny = Inf{C' >0 | |2(w)| < C for a.e. w € Q}.

Now let I' C R3 be a closed Jordan curve, i.e. I' is homeomorphic to the boundary
of the disc B. A surface X € C°B;R?) solves Plateau’s problem for I, if
its restriction to B is a minimal surface (Definition [1.1.1)), and if it maps OB
topologically onto T'.

We have seen in Chapter 1 that minimal surfaces are critical points of the area

functional

A(X) = /B X, A X, dw. (2.1)

Therefore, it seems tempting to find minimal surfaces by minimising the area
functional over a suitable class of surfaces. Note, however, that the area functional

is invariant under changes of parametrisation, i.e.
A(X oT) = A(X) (2.2)

for all diffeomorphisms 7 of B. Therefore, any attempt at minimising A is prone
to fail, for the invariance of A under any diffeomorphism prevents to distinguish

particular parametrisations of a surface X [31].

Instead we consider the Dirichlet integral over B

D(X) = %/B (1 Xu* + | Xo[?) dw. (2.3)

11



We remark that the Dirichlet functional is invariant under conformal diffeomor-

phisms of B [31], i.e. for diffeomorphisms 7 such that
17u)? = |7|% Tu Ty =0 in B,

there holds
D(X oT1)=D(X) VX ¢ Hl(B;R?’). (2.4)

We derive a relation between A and D as follows. Let a,b € R3 be arbitrary
vectors. There holds . .
ja A8 < Jallbl < Zlaf? + 5Jof, (25

where we used Young’s inequality (Lemma 3.5.1 in [2§]). Equality holds in ([2.5)
if and only if a is perpendicular to b and |a| = |b|, see [I3]. Now suppose
X € C'(B;R?) admits a finite Dirichlet integral (2.3). Equation directly
implies

A(X) < D(X) (2.6)
with equality if and only if X,- X, = 0 and | X,|* = | X, |* in B. This means that the
area functional coincides with Dirichlet’s functional on conformally parametrised

surfaces [13].
For the converse we have the following statement by Morrey [20].
Theorem 2.1.1. Let X € HY(B;R3). Then for every e > 0 there exists a diffeo-
morphism 1. : B — B such that Z. :== X o 1. satisfies

D(Z) € A(Z.) + 2 = A(X) + <,
where the latter equality follows by invariance of A under change of parametrisation
22).

For a proof we refer to Theorem 1.2 in [20]. Before discussing the implications of

Morrey’s result we will introduce Plateau’s problem more rigourously.

Definition 2.1.1 (Disc-type solution to Plateau’s problem for I'). Given a closed
Jordan curve I' C R3, the surface X : B — R? is a disc-type solution to Plateau’s

problem for I' if

12



i. X € C*(B;R®) NC%B;R?),
ii. X satisfies a system of nonlinear differential equations

AX=0 B (2.7)
’XU|2 = ’Xv|27 Xu : Xv =0 in B, (28)

iii. with boundary conditions

Xlop : 0B — T' is a homeomorphism from 9B onto T. (2.9)

Condition iii. in Definition is equivalent to demanding that the restriction
X|ap is a continuous and strictly monotonic map. Note that uniform limits of

strictly monotonic functions may be merely weakly monotonic [13], that is

Definition 2.1.2 (Weakly monotonic map). Let I' C R? be a closed Jordan curve,
let ¢ : 0B — I' be a homeomorphism. Then a continuous map v : 0B — I is
weakly monotonic, if there exists an increasing continuous function 7 : [0, 27] — R
with 7(0) = 0, 7(27) = 27, such that

V() = p(e™?), 0<6 <o

Intuitively, this means that points w traversing dB in a constant direction will be
mapped onto image points ¥ (w) traversing I in a constant direction. With this in-
tuition we understand that weak monotonicity is closed under uniform convergence
[13], that is

Lemma 2.1.2. Assume a sequence (wn)neN of continuous, weakly monotonic maps
from OB onto a closed Jordan curve I' converges uniformly to some map 1 : 0B —
R3. Then 1) is a continuous, weakly monotonic map from OB onto T.

2.1.2 Variational Formulation

We are now in the position to introduce the class of admissible functions for solu-

tions to Plateau’s problem.

13



Definition 2.1.3 (Class of admissible functions). Let I' C R? be a closed Jordan

curve. The class of admissible functions C(I") is defined as

C(I') :={X € H'(B;R?) | X|sp is represented (2.10)
by a continuous, weakly monotonic map ¢ : 0B — I'}. '

With this definition, we can combine ([2.6)) with Morrey’s result to infer

inf A(X)= inf D(X). (2.11)

Xec(T) xec()

Indeed, inf xeery A(X) < infxeery D(X) follows directly by (2.6). Conversely, let
X € HY(B;R3) and let ¢ > 0. Then there exist diffeomorphisms 7. mapping B
onto itself, so that D(X o7.) < A(X) 4 e. Thus

inf D(X)<D(Xor)<AX .
Jnf D(X) < DX om) < A(X) 42

Taking the limit € — 0 proves the claim.

Morrey’s result justifies why it suffices to minimise Dirichlet’s integral for the
purpose of minimising the area over C(I'), for a minimiser of Dirichlet’s integral
in C(I") also minimises the area functional among all surfaces in C(I'). Therefore
the variational problem P(I") associated to Plateau’s problem for a given curve I’
reads

Minimise D(X) in the class C(T"). (P(I)

Equivalently, we want to find X, € C(I") such that

D(Xy) = Xieréfr)D(X) =:¢(I') > 0. (2.12)

In order to solve the variational problem (P(I')) we employ the direct method in
the calculus of variations.
2.1.3 Calculus of Variations

This subsection follows Michael Struwe [30]. Let (H, | - ||) be a Hilbert space with
subset M C H, and consider a functional F' : M — R.

14



Definition 2.1.4. F' is weakly sequentially lower semi-continuous at xo € M if
there holds

V() oy © M 22 = 20 = F(x) < lim inf (), (2.13)

w.
where — denotes weak convergence.

Definition 2.1.5. F'is coercive on M if there holds

V(xk)keN CM:|zg|| = o0 (B — o0) = F(zg) — o0 (k— o00). (2.14)

With these definitions at hand we can introduce the variational principle.

Theorem 2.1.3 (Variational Principle). Suppose M # 0) is a weakly sequentially
closed subset of H, and suppose that ' : M — R is weakly sequentially lower
semi-continuous and coercive on M. Then there exists an xo € M with

F(xy) = zlél]\f/[ F(z) =:ap > —o0.

Proof. Consider a minimising sequence, that is a sequence (:Ek) wen © M with

F(xy) — inf.cpr F'(x), where we note that inf,ep F'(z) > —oo since M is assumed
to be non-empty. Since F' is coercive , (xk) ren 18 bounded. But H is a
Hilbert space, and as such is reflexive. Therefore, by Eberlein—Smulian’s theorem
(Satz 5.3.2 in [30]) there exists a weakly convergent subsequence of (zy) pen Which

we again denote by (xk) with 2, — 2. Since M is weakly sequentially closed,

keN’
we have that o € M. By weak sequential lower semi-continuity of F' (2.13)), we
conclude for the subsequence (xk) e that
ap < F(xp) < liminf F(xy) = in]\f/[ F(x) = ay.
re

k—o0

15



2.1.4 Three-Point Condition

Reconsidering the concrete problem , the previous subsection implies that
we have to find a minimising sequence whose boundary values contain a uniformly
converging subsequence [13]. Note, however, that the set C(I') defined in ({2.10))
is not weakly closed [31]. To recover the requirements of Theorem [2.1.3] we fix
three distinct points Py, P», P3 on 0B and three distinct points @1, @2, @3 on I'.
We define

CrI):={X ecD)| X(P)=Qy;, j=1,2,3}. (2.15)

This is well-defined by the action of the conformal group of the disc on C(I"), confer
Struwe [31]. We set
e"(I) := inf D(X). (2.16)

Xec*(T)
Since C*(I') € C(I"), we have e(I') < e*(I'), where ¢(I') is as in (2.12)). On the
other hand, if X € C(I"), then there exist three distinct points (;, (2, (3 on 0B such
that

X(C]) = Qj? ]: 17273'

Let o : B — B be a conformal map such that o(P;) = (;, 7 = 1,2,3. Then
Y := X oo € C¥I"), and due to the conformal invariance of D ({2.4) there holds
D(Y) = D(X). Hence we even obtain

e(T) = e*(I). (2.17)

Consequently, the variational problem
Minimise D(X) in the class C*(T). (P*(I))

is equivalent to (P(I')). But by imposing the three-point-condition we have gained

an important compactness property for the boundary values.

2.1.5 Non-emptiness

The subset M in Theorem [2.1.3]is required to be non-empty. To achieve this, we
follow Hildebrandt [I3]. We let ¢ : 9B — I" be a homeomorphism representing I'

16



with Fourier expansion

Ao

o(e?) = 5 + Z Ay, cos(kO) + By sin(k0),

k=1

where Ay, B, € R3 k € N. Note that the Fourier expansion converges in
L3([0,27]; R3). Assume ¢ satisfies the three-point-condition

Set
Ao

5 Z p" (Ay, cos(k0) + By sin(k6)),

k=1

X(w) =
with polar coordinates w = pe?. Then X is harmonic, X |sp = ¢, and
1 2
=— [ VX[ dw
2 /B
1 < k—1 :
— §/B ‘ kz_; <kp (A cos(kf) + By sin(k9))

. 2
+ pkk( Aksm(ke)—{—BkCOS(ke)))‘ dw

/ZkQ 2(k—1) ‘A ’2+|Bk’)
B

k=1
1 27 1 B
:§;k2(|Ak|Q+|Bk|Q)/O /0 p**dpd
= 5 D k(AP + B,
k=1

As a consequence, we see that X is of class H'(B;R?) if and only if
> k(1A + [Bil?) < oo (2.18)
k=1

In this case X € C*(T), i.e. C*(T) # 0. Now, if ¢() := () is Lipschitz

continuous, then its derivative is bounded and thus also square-integrable. But
this implies that (2.18]) is satisfied, which in turn implies that C*(I") and C(T") are

17



non-empty. We conclude that C*(I") is non-empty if I" is rectifiable.

2.1.6 Courant—Lebesgue Lemma

There is a final argument missing for the existence proof of Plateau’s problem,

known as the Courant—Lebesgue Lemma [3].

Lemma 2.1.4 (Courant-Lebesgue). Let X € H'(B;R3). For any w € B we
denote
C, = Cr(w) = BN OB, (w),

and we let s be the arc length of C.. Then for any 0 < § < 1 there exists p with
§ < p <0 such that X, € L*(C,) and

/ | X, [2ds < %
¢, ~ pllnp|

The reasoning in the proof follows Struwe [31].

Proof. We can estimate
Vo
/ | X, 2 dsdp < / VX |*dw < 2D(X).
6 Jo, (Bys(w)\Bs(w)) B
Moreover the left hand side can be bounded from below by

Ve Vs
ess inf (p/ |Xs|2ds>/ —dpg/ / | X|?ds.
§<p<Vs Cp s P s Jo,

But for all p with § < p < V8 there holds

Ve
1 1 1
/ Lip="Ltime > Ly,
s P 2 2

Thus we can find p € [5, V4] such that
NG
4D(X
/ / X, Pds < 2P0
) Cy p|In pl
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]

The Courant—Lebesgue Lemma furnishes an argument to prove the following equicon-

tinuity property [31].

Lemma 2.1.5. Let X € C*(I") as defined in with bounded Dirichlet integral
D(X) < M for some 0 < M < oo. Let e > 0 and wy € OB. Then there exists
d >0 withd =6(e, D(X), I, Q1,Q2,Q3) and Q;, 7 =1,2,3, from such that
for all w € OB there holds

X (w) — X (wo)| < 2¢ (2.19)

if |lw —wo| < 4.

This statement is equivalent to the equicontinuity of subsets in C*(I") whose Dirich-
let integral is uniformly bounded. By the Arzela—Ascoli theorem (Satz 6.3.1 in [30])
this is equivalent to the compactness of the injection C*(I') — C°(0B;R?). The

proof follows the reasoning of Struwe [31].

Proof. Let 6y > 0 be sufficiently small, so that any ball of radius /&, contains
at most one of the points P;, j = 1,2,3 from the three-point-condition in ([2.15).
Choose gy > 0 so that any ball of radius g9 contains at most one of the points
Qj, j = 1,2,3. We may assume € < €p. Then choose ¢; with 0 < g1 < e < g9
such that for any two points Y7, Yy € I' contained in a ball of radius €; there is a
subarc T’ C T’ with endpoints Y; and Y5 contained in a ball of radius €. Note that
this is possible since I' is a Jordan curve. By choice of gy, for two points Y7, Y5
with |Y] — Y3| < &1 the subarc T connecting Y; with Ys is unique, characterised by

the condition that T’ contains at most one Qj, 1=1,2,3.

Choose a maximal § with 0 < d < ¢y so that

87D(X)
g2

[ Ind] >

Choose p € [0,v/d] and C,(wy) according to the Courant-Lebesgue Lemma [2.1.4
so that

4D(X
| X,|?ds < ( )
c, p|In p)|
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Let w;, j = 1,2 be the points of intersection of C, with 0B and denote by é’p =
B,(wy) N OB the subarc of 0B with endpoints w; and w,. By choice of &g, d and
p we note that C’p contains at most one P;, j =1,2,3. Let X; = X(w;), j=1,2,
and let T be the subarc of T' connecting X; with X,. By monotonicity there holds
X(C,) = . Moreover, by choice of C,, with Holder’s inequality (p. 145 in [6]),
by Courant—Lebesgue’s Lemma and by choice of p and ¢ we find

2
1X) — X2 < Xds) < mp [, 2ds < 2TPX)  8TDWX) o
1 2 s P s 1
c, C, | In p| [ Ind|

Thus we note that T connecting X; with X5 contains at most one of the points
Qj, 7 =1,2,3, and [ is contained in a ball of radius . In particular for wy and
any w € OB N Bs(wy) C C, there holds

[ X (w) = X(wo)| < 2e,

since X (w), X (wy) € T are both contained in a ball of radius e. But this yields
the claim, for § = §(D(X),e1) and 1 = e1(D(X), e, T, @1, @2, Q3). O

This equicontinuity property now yields weak closedness of C*(T").

Lemma 2.1.6. C*(I') as defined in (2.15)) is closed with respect to the weak topology
in H'(B;R3).

Proof. Let (X”)neN C C*(I") be such that X,, = X converges weakly in H'(B;R?).
By weak convergence, (X”)neN is bounded in H'(B;R3) (Satz 4.6.1 in [30]); in
particular,

D(X,) <M

uniformly in n for some M € R. Lemma [2.1.5 implies uniform convergence of a
subsequence X,, — X on OB. Thus X € C°(0B) N H'(B;R?), satisfies the three-
point condition, and by Lemma X maps 0B weakly monotonically onto I.
Thus X € C*(I). O

2.1.7 Existence

We now state the existence theorem [I3] due to Douglas and Rado.
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Theorem 2.1.7. Let T' C R? be a closed Jordan curve. If C(T) defined in (2.10))
is nonempty, then the variational problem (P(L')) has at least one solution. In
particular, (P(L)) has a solution for every rectifiable curve T.

Proof. We will need the following two statements for the proof.
Claim 2.1.7.1. The functional D ({2.3) is coercive (2.14)) on C(I).

Proof of Claim[2.1.71} Let X € C(I'). Consider a harmonic Y € H'(B;R3) N
L>(0B;R3) satisfying Y|sp = X|sp. Then there holds X —Y € H}(B;R?). Thus

we can estimate with Poincaré’s inequality [0]
IX = YZ2 gy < CIVX = V) Z25p9)- (2.20)
Note that integration by parts gives by choice of Y
/ V(X —Y) P dw = —/(X —Y)AX dw
B B
= / V(X -Y)VX dw
B
= —/ AX - X dw
B
= / VX |? dw.
B
Therefore by the triangle inequality and by (2.20) we obtain
IX N2y — Y 22 (mmsy < I1X = YITo(pimsy < CUIVX 72509

We can rearrange and apply Holder’s inequality and the maximum principle for

harmonic functions [19] to find

||X||%2(B;R3) < CHVX”%Z(B;RS) + OHYH%oo(B;u@)
= CHVXH%%B;RB) + CHYH%OO(aB;R?’)
= CHVXH%Q(B;I[@) + CHXH%oo(aB;RS)y

where the last equality is due to the choice of Y. But by definition of C(I") ({2.10))
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there holds X |sp € C°(0B;R?). Thus in view of (2.3 we conclude

”XH?{l(B;RS) = HX”%%B;RS) + ”VXH%Q(B;]R{?’)
< CHVXH%%B;H@) + CHXH%oo(aB;W)
< CD(X).

Moreover we claim

Claim 2.1.7.2. The functional D ([2.3) is weakly sequentially lower
semi-continuous (2.13) on H'(B;R?).

Proof of Claim[2.1.7.3 We write for X, Y € H'(B;R?)
1
D(X,Y) = 5/ VX - VY dw,
B

so that D(X, X) = D(X) as defined in ({2.3). Then we note that D is a bilinear
functional on the Hilbert space H'(B;R?). Thus we find for a weakly convergent
sequence X,, — X,

0< D(X,—X)=D(X, — X, X, — X) = D(X,,)) — D(X) — 2D(X, X,, — X).

But D(X, ) is a continuous linear functional; thus by weak convergence of (X”)neN’
we find D(X, X,, — X) — 0 as (n — o0). This proves the weak sequential lower

semi-continuity of D. O

Now note that C*(I") € H*(B;R?) is non-empty, either by assumption, or else since
I is rectifiable, see Section 2.1.5] Moreover C*(I') is weakly closed in H'(B;R?)
by Lemma [2.1.6] Finally, Claim implies in particular that D is coercive
on C*(I'), and Claim yields weak sequential lower semi-continuity of D on
C*('). Therefore Theorem [2.1.3|applies and we obtain that there exists X € C*(T')
such that

D(X) =e*(T).

Finally, note that by (2.17) we have e*(I') = e(I), i.e. X solves (P(I))). O
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2.1.8 Harmonicity

We now derive harmonicity of solutions X of (P(L'))) by means of variations of the

surface or outer variations following Struwe [31].

Lemma 2.1.8. Let X € C(I') (2.10). Then there holds for the Dirichlet functional

(2.3)

d
DX
7 (X +ep)

=0 Vpe Hy(B;R?), (2.21)
0

e=l

if and only if
AX=0  inB, (2.22)

Proof. We compute for all p € H}(B;R?)

d /1
=—(= X 2d
e=0 d5<2/B’v eVl w)

Thus if (2.21)) holds, then

d
DX
7 (X +ep)

:/VXVgodw. (2.23)
e=0 B

0= / VXVedw, Vo€ Hy(B;R?).
B
Hence, X weakly solves (2.22). By Weyl’'s Lemma (Lemma 2 in [35]), X €
C?(B;R?) and (2.22)) holds in a classical sense.

Conversely, if AX = 0, then for all ¢ € H}(B;R?)

d
0:—/AX<pdw:/VXV(pdw:—D(X—l—&?go)
B B dg e=0

where we integrated by parts and used ([2.23)). ]

2.1.9 Conformality

We finally want to show that any solution of the variational problem (P (L)) satis-
fies the conformality relations (2.8]). To this end we introduce the technicalities for
variations of the parametrisation of X or inner variations. We follow Hildebrandt’s

explanations [13].
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Let A = (u,v) be an arbitrary vector field on B of class C'(B;R?). We may
assume that A is defined on all of R? so that A € C*(R? R?). We introduce a

one-parameter family 7. : R? — R?, given by
T(w) = 7(w,e) = w — eA(w).

Then 7 € C'(R? x R;R?). Let By be some open set compactly containing B,
a relation which we denote by B CC By. Since 7. is just a perturbation of the
identity, we see that 7. : By — 7.(By) maps By diffeomorphically onto 7.(Bj)
if ¢ € (—ep,e0) for sufficiently small &g > 0. Therefore, the inverse o. = 77!
exists on some domain Q where 7.(B) CC Q CC B,. To be precise, we let
w = 7.(w) = 7(w,e) and w = 0.(w) = o(w,e). Then o € C(Q x (—&g,5p); B) and
there holds

o(w,e) =w+eAw), T(o(w,e),e) =w, Y(w,e)e€Qx(—¢eo,ep).

Restricting 7. to B and o, to 7.(B) we obtain a diffeomorphism 7. : B — 7.(B)

with inverse o, satisfying

70(B) =B, oo(w) =w, %a(w,a)}szo = AMNw) for w € B.
Moreover, we have
V1. =id — eV,
and thus
det(Vr.)=1— 5(uu + I/U). (2.24)

Now let X € C*(B;R?), and define Z, := X o 0. : 7.(B) — R3. To emphasise the

domain, we denote the Dirichlet integral over B with Dg. We define

Definition 2.1.6 (First inner variation). The first inner variation of the Dirichlet
integral Dp at X in direction of A = (u,v) € C'(R?* R?) is defined as

d
ODp(X,\) = £DTE(B) (X o0o.)|

e=0’

where D,_(py represents the Dirichlet integral over 7.(B).
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Based on Definition we find for any \ = (u,v) € CY(B;R?)

d
OD5(X.\) = Dy (X 002

de e=0
d /1 9
(g, vexesra)|
7=(B)
1d , (2.25)
= —— X .) - Vo.|“d
2d5 )|(V( )oo.) - Vo.| w
=55 / VX - ((Vo.) o 7.) > det(VT.) Y
Moreover there holds by the chain rule
id=V(id) = V(0. o 7.) = ((Vo.)o7.) o V 7,
and thus
(Voo)or)=(V 1) =({d—eVA)™!
But this inverse is given by the Neumann series
(Vo) o) = (id — V)~ Z EV/\ (2.26)
k=0

which converges for small e, see Beispiel 2.2.2 ii) in [30]. Therefore we obtain from

E25) with @2 and (E20)

ODp(X, )

_1d

- 2de

= 1/ (2(VX)"-VA- VX — [VX (i + 1)) dw
B

e=0

(IVX]* 4+ 2e(VX)'VAVX + O(£%)) det(V.) dw
B

2

2.2
= PP DX+ 6 X)) do (220
B

—%/B(|Xu]2uu+|Xu|2yy+|XU|2uu+\XU|2yv)dw
1
= §/B (|*Xru|2 - |Xv|2) (:uu - Vv) +2X, - X, (:uv + Vu) dw.

With this discussion we arrive at the following lemma.
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Lemma 2.1.9. Let X € H'(B;R?). Then there holds for the first variation of X
as defined in Definition |2.1.6

0Dgp(X,\) =0 for all X € C*(B;R?), (2.28)
if and only if X is conformal, i.e.

X |? = | X, X, -X,=0 in B. (2.29)

Proof. Assume first (2.28) holds. Choose arbitrary (,n € C°(B) and determine
functions f,g € C°°(B) solving

Af=(, Ag=n inB, f=0,g=0 ondB.
Then p := fy + gs, v = —f, + gu are of class C*°(B), and satisfy
Nu_Vv:C7 fy T+ Uy = 1)

Testing (2.28]) with this particular choice of A = (i, v) we see with ([2.27))

0=0Dg(X,\)

=5 X = PO = 0] + 2, X (o 0)
=5 [ (XP =X )+ 25, X,
B

But since ¢, were arbitrarily chosen, we infer that | X,|?—|X,|> = 0, and X,- X, =

0 almost everywhere in B.

Conversely, assume X satisfies the conformality relations (2.29)). But (2.27]) implies
for all u,v € CY(B)

0= L (0 X =) + 25 X, 4 0) e = DD, )
B

where A = (p, V). O
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By aid of this lemma we conclude

Lemma 2.1.10. Every solution X of (P(L)|) is conformal (2.8)) in B.

Proof. Consider o, : 7.(B) — B as above. Since B and 7.(B) are diffeomorphic,
Riemann’s mapping theorem [I] implies that there exists a conformal map x. : B —
7.(B). By Caratheodory’s theorem [5] k. can be extended to a homeomorphism
from B onto 7.(B). Define Z, := Xoo. : 7.(B) = R® and Y, := Z. ok, : B — R3.
By conformal invariance of Dirichlet’s integral , we have

Dp(Y:) = Dr.(5)(Z2).

Now assume X solves (P(I')). Then X € C(I'), and X minimises Dirichlet’s
integral (2.3)) in B. Hence

Dp(X) < Dp(Y:) = Dr.(5)(Z:)-

Therefore, 9D(X,\) = 0 for all A € C*(B;R?). By Lemma we thus obtain
that X satisfies the conformality relations ([2.8)). ]

2.1.10 Plateau’s Boundary Condition

We derive that solutions to Plateau’s problem map 0B topologically onto I'. We
closely follow Hildebrandt [13].

Lemma 2.1.11. Every conformal (2.8)) minimal surface X of class C(I') maps 0B
topologically onto T'.

Proof. Since X|sp is weakly monotonic, it suffices to prove that X|sp is injective.
Suppose by contradiction that this does not hold. Then we could find an arc
C = {eie ‘ 0, < 0 < By} for some 61,05 € R, such that X maps C onto a single
point P € R3, i.e.

X(C)=P.

By Schwarz’s reflection principle [I] we can extend X to a harmonic map across
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C. Differentiating X in tangential direction would then yield
d

- X 6 —

SX() =0,

and thus by conformality of X we would then find VX = 0 on C'. This implies
VX =0in B. Hence X = P in B, contradicting X € C(T'). O

2.1.11 Solution of Plateau’s Problem

We can now combine the previous results to formulate the main existence theo-

rem.

Theorem 2.1.12. Let I' C R? be a closed Jordan curve. Assume C(T') as defined

in (2.10) s non-empty. Then the minimisation problem (P(L')) has at least one
solution. Moreover, every surface X solving (P(L')|) satisfies

i. X € C3(B)NC%B),
1. X s harmonic and conformal in B,
iti. X maps OB topologically onto T' (12.9).
In particular, any closed rectifiable curve I' C R3 bounds at least one disc-type

minimal surface, see Definition |2.1.1].

Proof. Firstly there exists at least one solution by Theorem [2.1.7, Therefore,

assume X € C(I") solves (P(I)).

Since X minimises the Dirichlet integral, equation is satisfied, and thus by
Lemma AX = 0 weakly. But with Weyl’'s Lemma (Lemma 2 in [35]), we
even find that X € C?(B;R?) and X is harmonic in a classical sense. Moreover
by definition of C(T") there holds X|sp € C°(0B;R3). Thus with the maxi-

mum principle for harmonic functions [19] we infer X € C°(B;R3). Therefore we
conclude X € C?(B;R3) N C%(B;R3).

By Lemma [2.1.10] X satisfies the conformality relations (2.8) in B.

Finally by Lemma [2.1.11] we even obtain that X satisfies (2.9), i.e. X is of the
type of the disc. O
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Let us remark that by (2.11)) any solution X of the minimisation problem (P(L))

is a surface of least area in C(I).

2.1.12 A-priori Bound

As a final remark, we state the isoperimetric inequality for minimal surfaces The-
orem II1.3.5 in Courant [3].

Theorem 2.1.13. Let ' C R3 be a rectifiable Jordan curve of finite length L(T) <
00. Then any X € C(I') (2.10) solving (2.7)—(2.9) satisfies the estimate

(L(T))
A

D(X) < (2.30)

where D is the Dirichlet integral ([2.3)).

Equation (2.30]) implies that minimal surfaces bounded by rectifiable Jordan curves

admit a finite Dirichlet integral. A nice proof can be found in do Carmo [2].

2.2 H-Surfaces

In the previous section we studied surfaces X bounded by a prescribed Jordan
curve I' in R?® whose mean curvature vanishes. It is now natural to ask: upon
prescribing in addition to a Jordan curve a value H # 0 for the mean curvature,
are there are surfaces X bounded by I' with mean curvature H? Such surfaces,

we will call H-surfaces.

Throughout Section we consider a Jordan curve I' C R?, and we let H € R
be some constant value. Again we can parametrise the problem by introducing
isothermal coordinates over the disc. Determine a surface X : B — R3 of the
form

X(u,v) = (X (u,v), X*(u,v), X3(u,v)),
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satisfying a system of nonlinear differential equations

AX =2HX,AX, B (2.31)
X=X, X.-X,=0 inB (2.32)
Xlop : 0B — I' is a homeomorphism of 0B onto I (2.33)

A surface X solving (2.31)—(2.33]) arises as a soap bubble, i.e. as a surface of
least area enclosing a given volume. We may restrict all considerations to curves

I" contained in the unit ball around the origin in R3.

Remark 1. We may recognise equation ([2.31)) formally as the Euler-Lagrange equa-

tions associated to the functional
1 9 2H
Ep(X) = 5 |IVX|* dw + 5 X - Xy ANX,dw=DX)+2HV(X) (2.34)
B B

for X € C?(B;R3), where D is the Dirichlet integral as introduced in (2.3)), and

V' is the volume integral over B

1
V(X):= g/BX~Xu/\XU dw. (2.35)

Indeed, we compute for p € C5°(B;R?)

d
—FEy(X
I H(X +ep)

e=0

2H
B B
2H
:—/AX-cpdw—l—?/Xu/\XU-go—(XuAgo-XU—i—go/\XU-Xu)dw
B B
2H
B B
B B

where we integrated by parts for the second equality, and used antisymmetry of
the exterior product in the third equality. Note that all boundary terms arising
with the integration by parts vanish due to the compact support of . Therefore
we see that critical points X € C?(B;R3) for Fy solve .
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We refrain from going into details of another existence proof, yet we want to

emphasise some properties of the functional under consideration [31].

Remark 2. i. V(X)) is well-defined and trilinear on H' N L>=°(B;R3).

ii.

1il.

V' is invariant under orientation preserving reparametrisations of X. Indeed,
let X € H' N L®(B;R3), and let 7 € C'(B;R?) be a diffeomorphism of B
onto 7(B) with det(V7) > 0. Define ¢ := 77! from 7(B) onto B, and let
Y :=Xoo € H' N L>®(r(B);R?). Then

V(Y):1 Y,AY,-Y dw
S )

1
:g/Xu/\XU-Xdet(VUOT)]det(VT)]dw
B

- % / X A X, - X det(Vo o 7) det(Vr) duw (2.36)
B

= %/ XuANX, - Xdet((Voor)VT)dw
B
= V(X),

where we used the non-negativity of det(V7), multiplicativity of the deter-

minant, and the observation based on the chain rule

id=Vid=V(co7)=(Voor)Vr.

Let X € C(T') N C*(B;R?), where C(T') is as in (2.10). Then by Remark
we derive the weak formulation of ([2.31)

d
— (X
R (X +ep)

:/VXVgadw+2H/Xu/\Xv-godw
e=0 B B

(2.37)
:/ (—AX +2HX, A X,)pdw =0
B

for all ¢ € HJ(B;R?). Moreover, for the weak form of the conformality

relations ([2.32)) we find by (2.36)

OEm(X,\) = 0Dp(X,\) =0 VA e CY(B;R). (2.38)
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Remark [2]iii. means that formally we have that stationarity in the inner variations
and outer variations corresponds to solutions of satisfying . However,
we had to assume a-priori sufficient regularity for the surface. To obtain the
analogue of Lemma and Lemma for H-surfaces, we first have to derive

some continuity properties of the volume functional.

2.2.1 The Volume Functional

Extending the volume functional continuously onto C(I') rests on the following

inequality (Theorem 2.5 in [23]).

Theorem 2.2.1. Let X,Y € H' N L>(B;R3) with X —Y € H}(B;R3). Then

(D(X) + D(Y))?
367

V(X) - V(Y] < (2.39)

for D as in (2.3) and V as in (2.35)).

Firstly note that combining Morrey’s result on 5—conforma1itywith and
with the invariance of V' under orientation-preserving reparametrisations
yields
(ACO) + A(Y))°

36 ’
for all XY € H!' N L>(B;R?) with the property that there exists an oriented
diffeomorphism 7 : B — B such that X|sp =Y o 7|sp, see [31].

V(X)) -V <

Secondly, Theorem [2.2.1| implies that the volume functional V' is a continuous
functional in the norm topology of H}(B;R?). However, V is not continuous with

respect to the weak topology on H}(B;R?), confer [34].

Due to inequality ([2.39)) we can establish that the volume functional continuously
extends to Hi(B;R3). In a further step, we can also extend V onto C(T'), confer

Wente’s approach in [34]. In particular, with Remark [2|iii. we thus arrive at the

following analogue of Lemmata [2.1.8 and [2.1.10]

Lemma 2.2.2. Let H € R and let T' C B C R3 be a closed Jordan curve. Let
X € C(') as defined in (2.10). Then X is conformal (2.32)) and weakly solves
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(2.31) if and only if

d
d_gEH<X + ep) L, =0 Vpe Hy(B;R?),

OEg(X,\) =0  VXeCYB;R?).

2.2.2 Existence

With Lemma we infer that minimisers of Fy in C(I') weakly solve (2.31))—
(2.32). Let us denote by Py(I') the minimisation problem

Minimise Ey(X) in the class C(T). (Pu(I))

The existence of such minimisers has been derived under various geometrical as-
sumptions on I' and H. Notably, Wente illustrated the existence of solutions to
Py () in [34] provided that H satisfies |H|\/ar < \/TE, where ar := inf xeery A(X).
On the other hand, Hildebrandt obtained solutions to Pg(I') whenever I' C
Br(0) C R? and H satisfies |H|R < 1, see [14]. Here we denote by Bg(0) the

ball of radius R around the origin
Br(0) = {z e R’| ||z|| < R}.

The following example based on Wente [34] demonstrates the differences between

these results.

Example 2.2.1. i. Assume I" bounds a rectangle of length a and width b for
some a,b € R. Then ar = ab, and thus Wente’s result [34] yields existence
of solutions to (Py(I')]) whenever

VT
H| < ——.
&l Sab
On the other hand, we note that the rectangle I" lies in a ball of radius R =

—V‘122+b2 by a simple geometrical consideration. Thus for this case Hildebrandt

[14] establishes existence provided that

2

H < —.
s Jow
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Thus, depending on the ratio of length to width, either Wente’s or Hilde-
brandt’s result yields better bounds.

ii. Now assume I' = 0B;(0). In this case, ar = m, and by Wente’s result
solutions exist whenever |

Hl < -.

H| <3

On the other hand, with Hildebrandt we obtain
|H| < 1.

In particular, Heinz has demonstrated that for planar circles Hildebrandt’s

result cannot be improved [§].

However, let us now consider a distorted circle of contour I';, obtained by
cutting off an arc of length €2 and inserting a spike of height g Then

ar & T+ %% = 1+ ¢, and thus Wente yields existence for

1
]H]<—5 ‘/71 _>5 (e = 0).
T 19

On the other hand, T, is contained in a ball of radius R =1+ % Thus with

Hildebrandt we have solutions whenever

|H| <

1) -0 (6—0).

We conclude the discussion on the existence of H-surfaces by the remark that
Hildebrandt’s result can be obtained with similar variational methods as for the
classical Plateau problem, where we first introduce a suitable class of admissible
functions, normalise this class with a three-point condition and show coercivity
and weak lower semi-continuity of Ey on this normalised class with respect to
H'(B;R?). We would then show that the surface X attaining the minimum is
a relative minimiser for the functional Ey, and in particular with Lemma
we find that this solution X solves f. For details we refer to Struwe’s
monograph [31], especially Theorem I11.3.1.
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2.2.3 Continuity

Before discussing the boundary behaviour of surfaces whose existence has so far

been derived, we wish to point out a continuity property of H-surfaces.
Theorem 2.2.3. Any weak solution X of (2.31)-(2.33) is continuous on B.
The theorem is a direct consequence of the following result.

Theorem 2.2.4. Let o, € H'(B;R?). Assume Z € Hj(B;R?) weakly solves
AZ = @y ANy + Uy N @y mn B.

Then Z € C°(B;R3).

For a proof we refer the reader to Theorem II1.5.1 in Struwe [31]. Here we apply
this theorem to derive Theorem following [31].

Proof of Theorem [2.2.3. Write X = X+ Z where X, € C(I") (2.10)) is a solution of
Plateau’s problem (2.7)-(2.9) and Z € H}(B;R?). Then by definition of C(T') and
by the maximum principle for harmonic functions [19] we infer X, € C°(B;R?).

Furthermore, Z weakly solves
AZ =2HX, N X, in B.

By Theorem with ¢ = 1) = X we have Z € C°(B;R?). Thus we conclude
X € C%(B;R). O
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Chapter 3

Boundary Regularity

In this chapter, we aim to discuss the boundary behaviour of minimal surfaces
and of H-surfaces. For later reference, we introduce the Holder spaces and their

associated norm.

Let €2 C R™ open. Consider 2z : 2 — R" and let 0 < 8 < 1. We first introduce

the Holder semi-norm

z(wy) — z(wy)
[2]cosmn) = sup (1) <ﬁ |
w1, w2 €Q,w1 Fw2 |w1 - ’LU2|

With this definition we arrive at the Holder norm

||Z\|00ﬁ(sz;Rn) = HZHCO(Q;R”) + [Z]Coﬁ(Q;R")a
|z llempmny = lzllem@mn + Y [D*Z)cos@pn).
|a|=m

Then it is straightforward to define the Holder spaces.

Definition 3.0.1 (Hélder spaces). The Holder space with exponent [ is defined
as
CmHQR") = {2 € C™(QRY) | 2]l emaazn < 0}

Remark 3. i. The Holder spaces C%#(Q) are complete for 0 < 8 < 1, see Satz
8.6.1 in [30].
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ii. For 0 < < a <1 we have the embedding
CO’Q(Q) — CO’B(Q),

where C%°(Q) = C°(Q), confer Beispiel 8.6.1 in [30].

Finally, we introduce a notion for the regularity of a closed Jordan curve I' C R3.
Recall that in Chapter 2 we have introduced the closed Jordan curve I' C R? as
an embedding of B onto R3.

Definition 3.0.2. An open Jordan arc v C R? is said to be of class C™ (or of
class C™% 0 < o < 1) for m > 1, if there is a homeomorphism 7 : R® — R? such
that

i. 7 maps 7 onto an interval I := {x = (0,0,23) € R3| |23 < M} for some
constant M > 0,

ii. 7€ C™(R?) (or 7 € C™(R?)),
iii. the Jacobian dr is non-singular on R3.

A closed Jordan curve I is said to be of class C™ (or of class C"™) if I is a finite

union of open subarcs of class C™ (or C"™).

In case of a planar minimal surface, the three-point condition required for the
solution of Plateau’s problem is uniquely identified [22]. The surface X is of the
form

X (u,v) = (X (u,v), X?(u,v),0),

where X!(u,v) and X?(u,v) are respectively the real and the imaginary part of
an analytic function f, which maps the unit disc B conformally onto the interior
of I'. The regularity of the Riemannian mapping f depends on the regularity of
the curve T', as has been outlined, amongst others; by Courant [3]. A first result
on this relation has been made by Paul Painlevé, stating that if the boundary
I is a regular curve of class C™*2, then the mapping f is of class C™(B;R3).
An improved result by Oliver Dimon Kellogg [16] reads as follows: For a regular

curve I' of class C"™®, where m > 1 and 0 < a < 1, the mapping f is of class
C™(B;R3).
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In 1951, Hans Lewy demonstrated the first analogous results for minimal surfaces
[T7]. If the rectifiable curve I' contains an open analytic regular arc 7, then the
surface X in B can be generalised to a minimal surface beyond . This result has
been used by Johannes Nitsche in [22] to develop the analogue of Kellogg’s result

for minimal surfaces.

Theorem 3.0.1. If I" is a regular Jordan curve of class C™* as defined in

where m > 1 and 0 < « < 1, then the surface X solving Plateau’s problem
(Definition is of class C™*(B;R3).

There have been various approaches to demonstrate this theorem. Stefan Hilde-
brandt has shown the statement for m > 4 [12] 15]. Erhard Heinz and Friedrich
Tomi have developed methods to prove the statement in case that m = 3 and
a =0 [I1, ©]. Both their approaches rely on elliptic regularity theory for nonlin-
ear partial differential equations. Finally, Nitsche approached the theorem from
another point of view, and in this sense proves the statement in its full generality
[21], 22]. Using analytic tools based on Lewy’s result, Nitsche starts his consid-
erations with the case m = 1, and develops thereon the cases m > 1. However,
it has to be remarked that Nitsche’s proof works for minimal surfaces, while the
methods employed by Hildebrandt and by Heinz and Tomi allow for a generalisa-
tion to surfaces with constant mean curvature. We will exploit the reasoning of
Heinz and Tomi to demonstrate Theorem B.0.1] in the case of m = 2 for minimal

surfaces. We will then apply these methods to the case of H-surfaces.

3.1 Heinz and Tomi on the Boundary Behaviour
of Minimal Surfaces

Let I' C R? be a closed, rectifiable Jordan curve, and let H € R. In the previ-
ous chapter, we have established the existence of a surface X : B — R3 of class
C?(B) N C°(B) satistying the elliptic system (2.31))—(2.32) with boundary condi-
tions . In case that H = 0, these solutions are disc-type minimal surfaces; for
non-vanishing mean curvature H, these solutions represent H-surfaces bounded by
. To establish the boundary regularity for surfaces X solving (2.31)—(2.33)), we
follow the approach of Heinz and Tomi in [I1].
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Let G be a bounded domain in the (u,v)-plane. We consider elliptic systems of
the form
AX = f(u,v, X, VX), (3.1)

where f : G x R? x R® — R3 is a map with the property that for each X €&
H'(G;R3) the function f(u,v, X (u,v), VX (u,v)) is measurable as a function of

(u,v). Moreover, we require f to satisfy

[f (w0, X, p)| < (| X | e )p? (3.2)

for all (u,v) € G, X,Y € R3 p € RS and where 1 : R — R is assumed to be

monotonically increasing and continuous.

A weak solution X for (3.1]) of class H'(G) satisfies || X || p(e) < 0o and

/ (VXVZ+ f(u,v,X,VX)Z)dw=0 forall Zec CXG). (3.3)
G

3.1.1 A Regularity Result

In this section, we will prove a regularity result for weak solutions of (3.1)), where

we follow the considerations of Tomi [32] and Struwe [29]. The result reads

Theorem 3.1.1. Let X € H'(G;R?) weakly solve (3.1)), where the right-hand side
f is measurable as a function of (u,v) and satisfies (3.2)) with a monotonically

increasing, continuous ji. Assume that there exists some a € R3 with

. (3.4)

N —

IX = all L cpy (| X || L (cims)) <

Then X € CY(G;R?) for all B with 0 < 3 < 1.
The proof relies on two results. The first lemma is due to Tomi [32].

Lemma 3.1.2. Let X € H'(G;R3) weakly solve (3.1), where the right-hand side
f is measurable as a function of (u,v) and satisfies with a monotonically
increasing, continuous pr. Assume X satisfies (3.4]). Then X € CP(G;R?) for all
B with 0 < < 3.
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Proof. Let wg € G and let » > 0 be such that Br(wo) C G. Let Y be the weakly

harmonic function in B, (wg) with Y|s5,(w,) = X in a trace sense. We define

Z(w) = {X(w) —Y(w)  for w € B, (wp),

0 else.

We note that Z satisfies (3.1) weakly in B,(wg) and has compact support in G.
In particular, Z is an admissible test function for (3.3)). Thus from (3.2)) and (3.3])

we obtain

[ xR [ OXIVY 4 VXPZX ) de. (g
B (wo) By (wo)

Using the maximum principle for harmonic functions (p.72 in [26]) we obtain

| Z||L~ < 2||X — al|p=, where a is such that X satisfies (3.4). Thus, (3.4)), (3.5
and Young’s inequality yield

(1= 20X — afl (X[ ) / VXP dw
BT('LUO)

1
<:Z / VX dw + — / VY |2 duw,
2 2¢e

Br.(wo) By (wo)

where £ > 0. We choose £ = (1 — 2||X — al|zoo(@ra) (|| X |1 (G;z2)) ). Then

/|VX|2dw§/<a / |VY|? dw,
Br(wo) Br(wo)

where £ = (1 — 2[|X — al|zo@rayu([| X | 2= c:r3))) ?. But then Theorem 1.10.2
and Theorem 3.5.2 in Morrey [19] give that X € C(G;R?), where 3 = 5-.

We can apply the same argument for G = Bgr(n) for some sufficiently small R > 0
and some n € G. With a = X(n) we then see that || X — a||p~ s is arbitrarily
close to zero, so that k = 1+ 4 is attained for any § > 0. Thus X € C?(G;R3) for
any 0 < 8 < 3. O

Based on Lemma 3 in Tomi [32], we state a result which allows us to represent X in
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terms of a harmonic function in a ball and the Green’s function for the ball.

Lemma 3.1.3. Let wy € G. Choose R > 0 such that Br(wy) C G. LetY be a
harmonic function in Br(wg) coinciding with X on 0Bg(wy), and let G = G(w, z)
be the harmonic Green’s function for Br(w). For w = (u,v) € Br(wg) we then

have the representations

X(w) =Y (w)+ /B - G(w, 2)f(2,X(2),VX(z)) dz (3.6)
an OX oY oG
%(w) = %(w) + /BR(MO) %(w, 2)f(2,X(2), VX(2)) dz, .
0X )% G '
%(w) = %(w) + /BR(WO) %(w, 2)f(z,X(2), VX(2)) d=.

For the proof we refer the reader to Theorem 1.17 in Vekua [33]. For the third

result we follow Struwe’s reasoning in [29].

Theorem 3.1.4. Let X € H'NL>®(G;R3) weakly solve (3.1)), where the right-hand
side f is measurable as a function of (u,v) and satisfies (3.2)) with a monotonically

increasing, continuous p. Suppose X € C for some a > 0 and assume X satisfies

(3.4). Then X € CY for any g < 1.

Proof. Let wy € G and let R > 0. We split X = Y + Z on Bg(wp), where
AY = 0 and Z € H}(Bg(wo);R?). We note that X|op,w,) = Y |0Ba(we) since
Z € H}(Br(wp); R?). With the maximum principle [26] we infer that

sup  [Y(Q)—Y(n)| < sup  [Y(Q)—Y(n)]

¢n€BR(wo) ¢€dBR(wo)
T]EBR(wo)

< sup [Y(Q) =Y (n)

¢,n€IBR(wo)

< sup [X(Q) = X(n)|
C:WGBR(WO)

< CR",

where C' = [X]co.. Furthermore by choice of Y and Z there holds Z = X — Y, so
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that we have

sup  |Z(Q) = Z(m[ <2 sup [X(() = X(n)| <20R".  (3g)

¢;nEBR(wo) ¢,mEBR(wo)

Using the splitting X = Y + Z and Campanato’s result (Satz 10.2.2 in [30]) we
estimate for 0 <r < R <1

/ VX dw < 2/ IVY|? dw + 2/ \VZ|? dw
BT(wO) Br(wO) Br(wo)

< 0(1)3/ VY2 dw + 2/ V2|2 dw
R Br(wo) Br(wo)

< 0(1)3/ VX2 dw + C IV Z|? dw.
R J Bawo) B (wo)

Moreover, by (3.1)), (3.2)), (3.4) and ({3.8]) we find
/ ]VZ|2dw:/ flu,v, X, VX)Z dw
BR(’wo) BR(wo)
SC’/ IVX|*dw sup |Z| (3.9)
Br(wo) Br(wo)

< CR?,

since X € H'(G;R3). Thus for the non-decreasing function
O(r) = / IVX|? dw, 0<r<l,
Br(wO)

there holds
o(r) < 0(%)%(3) +CR*, 0<r<R<I. (3.10)

Campanato’s useful Lemma (Lemma 10.3.2 in [30]) yields
o(r) < Cre, 0<r<l1.
Inserting this bound into (3.9)) gives for 0 <r < R <1

/ IVZ|> < Cr*R™ < CR*™.
Br(wo)
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Thus we obtain the improved bound

o(r) < C(L)*®d(R) + CR*®, 0<r<R<L.
R

By iterating we then arrive at

d(r) < Orf (3.11)
for any g < 3.

Campanato’s estimate, Poincaré’s inequality (Satz 10.2.2 and Satz 8.6.6 in [30]),
the maximum principle and monotonicity of the integral also imply that for any
0<r<R<1wefind

/ VX~ (VX), [ du

By (wo)
<2 / VY = (VY),[* dw + 2 / VZ — (V2),|? dw
Br(wo) By (wo)
<0(3) / VY — (VY)g|* dw + C / V22 dw
Br(wo) B (wp)
SC(%Y’ / VX — (VX)g[ dw + C / IVZ|2 dw,
Br(wo) Br(wo)

where (VX), = fBT(O) VX (w)dw. Similarly to (3.9) we have in view of (3.11)

/ IVZ|? dw < C’/ VX |*dw sup |Z| < CR*™
BR('LU[))

Br(wo) Br(wo

for any § < 3. Thus the function ¥ : (0, 1] — R defined as
U(r) = / VX — (VX),|” dw
By (wo)

satisfies

U(r) < C(%)%(R) +COR™,  0<r<R<1

43



Moreover there holds that

U(r) < /B ( )|VX — (VX)r[?dw < U(R).

Thus V¥ is non-decreasing. With Campanato’s useful Lemma (Lemma 10.3.2 [30])

we obtain
U(ry<Crt, 0<r<i. (3.12)

We can then choose f < 3 so that o + 3 = 3+ 20 > 3 for some 0 > 0. Then by
Campanato’s embedding theorem (Satz 8.6.5 in [30]) we have in view of (3.12))

VX € L2 o 09,

where

£2,3+25(G;R3) ={X € L2(G;R3)| [X]LZ?’“‘S(G;RS) < o0}

defines the Campanato space with semi-norm

[X]%2,3+25(G;1R3) = sup 7"_(3+26)/ X = Xy r|” dw
wo€G By (wo)NG

0<r<min{l,diam G}

for Xy, = fBT(wO)mGX(w)dw, see Definition 8.6.3 in [30]. Equation (3.7 then

implies f(u,v, X,VX) € C?. From (3.1]) we obtain AX € C°. With Schauder’s
theory (Satz 10.5.1 in [30]) we infer

Xec*— () c
0<p<1
With these statements at hand, we directly obtain Theorem |3.1.1

3.1.2 First Main Result

We proceed with Heinz and Tomi [I1]. We introduce polar coordinates r, ¢ with

u+iv = re*?. We set
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Furthermore, we consider the domain
Sre ={re”| R<r <1, |p| <O}

for0 < R<1,and 0 < ® < m. We then have

Theorem 3.1.5. Let X € H'(Sge;R*)NC?(Sge; R*)NC°(Ske;R?) be a solution

of
IAX| < a|lVX|? (3.13)

for some constant o > 0. Moreover, we assume the following boundary conditions

Xp(e®)=0 forlp| <O, ke {1,2}, (3.14)
and )
©

lim [ |D,X3|dp =0, (3.15)
r—1 =

for all © with 0 < © < ©. Then there holds

X e ﬂ 01’6(5—'&7@)

0<p<1

for all R,© with R< R<1and 0 <O < O.

Proof. Let G := {re’?| R < r < R™', |¢| < ©}. Define each component of a

vector-valued function Y : G — R? as

X (re) ifr <1,

Y (re'?) := .
(re”) {(25k,3—1)Xk(;ezw) it > 1,

for k € {1,2, 3}, where ;. 3 denotes the Kronecker delta. Define further a : G — R?

as

. {|VY|—2AY if VY £ 0and r # 1,

0 else.

Then a is a measurable vector-valued function and |a| < « due to (3.13]). Moreover
by definition of a, we have that Y satisfies

AY = |VY a (3.16)
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for r # 1. We claim that Y is a weak solution of in all of G. Indeed,
Y is continuous in G, and since X € H'(Sge;R?) we have [, [VY[*dw < occ.
Thus Y € H'(G;R?). We now derive the weak formulation satisfied by V. Let
Z € C°(G;R?). We choose s € R such that R < s < 1. Then we obtain

/ (VYVZ + |VY|*aZ) dw + / (VYVZ+ |VY|*aZ) dw
R<r<s

Lar<t

s

:/ (—AY+\VY|2a)Zdw+/ (=AY +|VYa) Z dw
R<r<s é<r<%

1

+ [/_9 (DTY)Zngor R+ [‘/@~ (DTY)ZTdSO}fZI

€) r= -6 s

for some suitable © with 0 < © < ©. For the first equality we integrated by parts,
for the second we used that Y solves (3.16) where r # 1 and that Z has compact
support in G.

Note that for » > 1 we have

D,Yi(re®) = (1 - 260) 5 D, Xi(76¥), ke {1,2,3),

so that

> [/z (DY) Zur dg) |

2
r=<
k=1 s

> .6
<> [ DX ) — B s o
k=1"%Y"

g(](%—s)(/

C)
DX (s69)|s dp),
S
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where we used the mean value theorem [25]. Furthermore we have

([ wazead|= [ oz 2o

6
< C’s/ Dy X3(s€)|dp — 0, (s = 1),
-6

where the limit is obtained using (3.15). Moreover, as X € H'(Sge;R?) and as

Sr.e is a bounded domain, we have with Holder’s inequality

‘/ \VX\dw‘ < c(/ VX|? dw)? < oo,
SR’@) SR,@
so that for a sequence (s,),en With s, — 1 as (¥ — 0o0) we have

(i — 5) </_Z |D, X (s,€"%)|s,, dgp) -0 (vr— ).

Sy
We conclude that by possibly passing to a subsequence, we have
/ (VYVZ + VY [aZ) dw

a

= lim ( / (VYVZ + |VY|*aZ) dw + / (VYVZ + VY aZ) dw)
R<r<s

s—1 l,<r<%
3 é B
i ([ [ (o)zirad] )
k=1 s
=0,

that is, Y weakly solves (3.16)) in G.

Now we can invoke Theorem to conclude. Indeed, Y solves with
fu,v,Y,VY) := a|VY|%. Thus is satisfied for p(s) := a which is continuous
and monotonically increasing as a constant function and uniformly bounded by «
by (3.13). Moreover, Y € C°(G) since by assumption X is continuous on Sge. We
can now cover G with sufficiently small balls B.(n) for n € G and some £ > 0. On
cach ball choose b := Y (7). Then there holds [|Y" — b|| = (c;rs) < 5= by continuity
of Y, ie. is satisfied. We therefore conclude Y € (\;_5., C’lB(G,]R?’), and
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hence X € (g5 CHF(Sh6;R?) for all R,©OwithR<R<1land0<© <O as

required.

]

Remark 4. Let us emphasise that the bound in (3.4]) required for Theorem m
can easily be obtained for minimal surfaces and H-surfaces. Indeed, the maximum
principle for harmonic functions directly implies a C°-bound on the solution vector
in terms of the boundary values in the case of minimal surfaces. Similarly, for H-
surfaces such a bound can be obtained by the maximum principle for sub-harmonic
functions, see Theorem II1.3.1 in Struwe [31]. To see this, note that the admissible
class of H-surfaces is
C(T) = {X e C()| [1X] < ﬁ}

where H has to satisfy |[H|R < 1 for T' C Br(0) C R3. These H-surfaces then
satisfy || X||z~ < R [3I]. Considering the case R = 1 we note that choosing
f=2HX, N X, in implies that © = H in order for f to comply with .
Hence is fulfilled since

1
X o=l X|2) < RH < 5.
. 1 .
if we assume H < 3, see Section .

3.1.3 Second Main Result

We proceed with Heinz and Tomi’s discussion in [IT]. We consider a conformally
parametrised surface X = X (u,v) whose boundary is given by a regular curve of
class C™ for m > 2. Concretely, let X : B — R® be a vector-valued function of
class C1(B;R?) N C°(B; R?) satisfying

r|D,X| = |D,X]|, (3.17)
DX DX =0, (3.18)

48



with boundary conditions

X5 (€%) = g (X3(e'%)) for |p| <O, k€ {1,2}, (3.19)
(Xa(e®) = s (o) 20 forlg| <O, <O,  (3:20)

where © € R with 0 < © < 7. The functions g : (—9,5) — R for k € {1,2} are
of class C™((—6,6)), where & is chosen such that {X5(e”) | o] < ©} C (—=4,6).
With no loss of generality, we set

g1(0) = ¢,.(0) =0 ke {1,2}. (3.21)

We set M(0) := {X (&) | |¢| < ©} and we consider a transformation V' defined
in a neighbourhood of M(©) such that Y =V o X satisfies for k € {1,2}

Yk = Xk - gk(Xg), (322)

Y3 = X5+ h(X3) ™ (g'l(Xs) (X1 — g1(X3)) + g5(X3) (Xs — 92(X3>)>’ (3.23)

where
h(X3) =1+ g1 (X3)* + gh(X3)*.

Note that we choose © > 0 sufficiently small, so that V' is bijective in a neighbour-
hood of M(©) with a nowhere vanishing Jacobian. Then Y satisfies

Yi(e¥) =0 for |p| <O, k€ {1,2}.

Lemma 3.1.6. Let X € CYB;R3) N C%B;R3) satisfy (3.17), (3.18), (3.19).
Consider the transformation V defined as above in — on a neighbour-
hood Q2 of M(©). Choose R < 1 such that X(Sre) C Q. Then there holds for
Y : Spe — R® with Y (re*) := VX (re*¥) in Sgre

1 3 1
D3| < C—(ID,XIH(1DY | = IDYal) '+ IDXI(Wil+1%a)))  (3:24)
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Proof. We have with (3.22)), (3.23]) and (3.18])

2 2
0=—> gp(Xs)D, X DyXs+ > gh(X3)D, XD, X5

k=1 k=1
2

(De Xk — 94(X3) D, X5) D, X, + Z 91(X3) (D Xy, — g,,(X3) D, X3) D, X5

1 k=1

I
M~

B
Il

2
D,YiD, Xy + Y gi(X3)D, YD, X3
1 k=1

I
o~
[ tvjtc

2
D,YiD, Xy + (Y g1(X3)D, Yy + h(X5)D, X3) Dy X3

=1 k=1
NS

o

J

-~

=:P

I
M~

DyYiD, Xy + ®DyXs.

i

1

Therefrom we obtain with Cauchy-Schwarz’s inequality and with (3.17))

2
10| D, X5 = ‘ZD@YkDTXk’
k=1
2

< (Z<D¢Yk>2)é|DTX| (3.25)

k=1

31
- ( (Dka)2>2;’DwX|-

20



Moreover, the definition of ® yields with (3.22)), (3.23]) and (3.17))

2
|| = | Zg;{)(X?))DTYk + h(X3) D, X3

k=1
2 2
=Y g1 (X3) (D, Xk — gi(X3) Do X5) + (1+ Y gh(X3)?) D, X
k=1 k=1

2
=) gi(X3)D, X, + D, X5

k=1

2
k=1

- 1
= ;} ZQL(X3)|D¢X’CH + ;|D‘PX3|

k=1

2
1 1
= | D G(X)(DYi + gi(Xs) Do Xo) |+ ~| DX
k=1

IN

1< 1< 1
;‘ ZQZ(X3)|D¢>YI<:H + ;‘ Z 9% (X5)? Dy, X3 | + ;|Dsz3|
k=1 k=1

with positive constants Cy, Cy,Cy. From this estimate we obtain with (3.25]),

Young’s inequality and ((3.22)), (3.23])

C 2 1
@ < 22 (j0](Do(D,12)?) +10]1D, X))

k=1

1 102 < C,
<02+ 2N (DY) + —
-2 +2r2 kl( k) 7“2(

Mm

(D,Yi)?)?| D, X]|

i

1

1 102 2
<3 P2 + Z (D,Y)? |D¢X|,
k=
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that is )
|| <G Z (D,Y3)2) | D,X|3.
k=1

Combining this estimate with the following

2
Z(Dka)Q = ‘D¢Y’2 - ‘D«JY;SP
k=1

= (DY |+ D Ys[)(IDY | — [ Dy Y3))
< CIDX[(| DY | = [DyYs)),

we obtain

1 3 1
] < C-ID X[ (|DpY | = [ Dy Ys[)7.

With (3.22)) and ([3.23)) we have

D,Ys = h(X3)"'® + Z e (%((j(( )))(D X3)Yk,

so that we conclude

2
ID,Ysl < C10] + CID, Xl | 3 i
k=1

2
1 3 1
< CoIDX[H(|DY | = |DYsl)T + CIDX| Y [yl

2
1 3 1
O~ (IDX (DY | = D3 + D XI Y Iyl
0

The next lemma states a property on the behaviour of arc lengths after a nonlinear

transformation.

Lemma 3.1.7. Let X € C*(B;R?) N C°(B;R?) with

)
sup / |D,X (re'?)| de < oo

0<r<1.J-e
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for some © with 0 < © < . Let Q be a neighbourhood of X (Sre) for 0 < R < 1.
Consider a continuously differentiable map U : Q — R3. Let Jy(z) denote the
Jacobian of U in z. Assume for all z € {X(e'?)| || < O} there holds

e e
lim sup/ |DyJur(2) X (re’)| dp = / |DyJu(2) X (") dep. (3.26)
0 0

r—1 —

Then for Y (re®?) .= UX(re’?), R<r <1,|¢| < O there holds

e e
lim |D,Y (re')| de = / |D,Y (") dyp < . (3.27)
e -0

r—1 [

Proof. Finiteness of the right-hand side in (3.27)) follows by continuous differen-
tiability of U and X.

For given ¢ > 0 we can find d(¢) with 0 < d(¢) < 1 — R and a partition of the
interval [—O, O]
—O =y <1 <..<p <1 =0,

where pr11 — @r < 0(g) so that there holds
or << g,  1-6(e)<r<l,

and
|D,Y (re'?) — Jy (X (e"¥)) D, X (re’)| < e| Dy X (re')| (3.28)

with k € {1,...,1} for [ € N. Integrating (3.28) yields
Pl+1 . Pk+1 . .
[ D eende - [T D a X)X ) g
©k @

v s | (3.29)
<c [T IpX(e) g
©

k

23



for 1 —d(e) <r <1landk € {1,..,1}. Therefrom we obtain for 1 — () <r <1

Pk41 )
]/ DY (rei®)|dip — Z/ DT (X (e99)) X (rei®)| dyp
@ .
< 5/ |D, X (re')| dy
—e

o

<e sup/ |D,X (re'?)| dy
0<r<1J_-0e

=:eM,

where M < oo by assumption. Thus

S) ©
[ Do = [ Dyl

< kz_o ‘ [pjk# |Dgpjv(X(ei<Pk))X(’l“ei<P)| — |D<pJV(X(eW’“))X(ew)| dgp (330)

+ 2e M.

By (3.26)) and by semi-continuity of the arc length we find for each k € {1, ...,1}

Pr+1 . ) Pr+1 ) )
i [ DX )X (@) do = [ DR (X ()X () d
=1 /o o
Taking the limit » — 1 in (3.30)) yields the claim. O

We now state a theorem which extends the main result of the article on the bound-

ary behaviour of minimal surfaces of Heinz and Tomi [11].

Theorem 3.1.8. Let X € HY(B;R*NC?(B;R*)NCY(B;R?) satisfy (3.17), (3.18)
with boundary conditions (3.19),(3.20) where g € C**,0 < a < 1, k € {1,2}.

Moreover, assume X solves
AX = Hf(X,VX) mn B, (3.31)

where H = H(u,v) is a matriz whose entries are real, measurable and bounded
functions, and where f complies with (3.2)) for a monotonically increasing con-

tinuous function p. Finally, let © € R be so that 0 < © < m, and consider the
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transformation V' as in (3.22)), (3.23). Assume that for each || < © the Jacobian
matrices Jy (X (e?)) satisfy (3.26). Then for all § with 0 <6 < ©

i. there holds X € CY(Sy 5;R?)
ii. if He€ C%(By) then there holds X € C*%(Sy5;R?)
iii. if gp € C° for k€ {1,2} then X € Ny_p1 C(So.5;R?)
Proof. We choose R with 0 < R < 1 so that V' given by (3.22)), (3.23)) is defined

on X(Sre) and has non-vanishing Jacobian Ji;. We define Y : Spe — R3 as
Y(re®) == VX(re®).

Claim 3.1.8.1. Y solves an inequality of the form
|AY| < a|VY? (3.32)
for a constant & > 0 in Sge.

Proof of Claim[3.1.8.1 Indeed, we have with (3.31)) and (3.19) for k£ € {1,2}

- ) 3.33
= (Hii — 9:(X3)Hs)) fil X, VX) — g7 (X3)(VX35)" (3:33)

=1
Hence with (3.2)) for k£ € {1,2}
|AY:] < CIf(X,VX)| + C|VXs|* < ClV X[ (3.34)

On the other hand, we find with (3.17)), (3.18])

2
VX3 <) VAP

k=1

This implies by the non-negativity of the absolute value

2 2
Vs < (S IVxP)? < 31V
k=1 k=1
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Thus from (|3.19))

2 2 2 2
STIVXL <Y VY + Col VXS <D VY + Co Y VX,

k=1 k=1 k=1 k=1

for some positive constant Cy < 1. We may absorb the second term of the right-
hand side on the left hand side, yielding

2 2
S IVX <Y VYA,
k=1 k=1
for C] = ﬁ > 0, so that
3 2 2 2
DUIVXL <O D IVV 4+ D IVXK <260 VYA (3.35)
k=1 k=1 k=1 k=1

Combining (3.35)) with (3.34)) yields the claim. O

Now we can invoke Lemma since all required assumptions are met. This

yields for R < r < 1 the estimate

(C)
/ ID,Ya(re'®)| dg
-0

=

1 [° : . .
<y [ (IDXGeR) (DY ()] - D, Yalre?))
e

DX (re'®)| (Vi (re™)] + [Ya(re'®)]) ) dip (3.36)

o 1

: C<(/—Z DX (ret?)] dgp>i(/_e (|D¢Y(rew)| - |D¢Y3(r€w)]) dSO)Z

+ / 1D, X (rei®)|([Vi(re™)| + [Ya(rei®)) dgo> ,
-6

where we used R < r < 1 and Holder’s inequality. The boundary condition (3.20))
guarantees the finiteness of f?@ |D,X (e")| dp; in particular by assumption ([3.26)
for all Jy (X (e'?)) we have

e
sup / |D,X (re'?)|de < C < 0. (3.37)

R<r<1 (€]

26



Therefore we can invoke Lemma [3.1.7] yielding

(C] (€] (C]
i [ DY (e do= [ DY (E)de= [ DY g (339)
r—=1 J_o —_e S

where we used the boundary conditions
Yi(e?) =0 for|p| <O, ke{l,2}, (3.39)

occurring due to the slick choice of V.

Combining (836) with (837), (3-38) and (3:39) gives

o ' 4
lim sup (/ | D, Y3(re™)| d(p)
-0

r—1

r—1 -0

e
< C'limsup </ |D¢X(rei‘p)|(|Y1(rei‘P)] + |Y2(rew)|) dy

3

([ paxteniag) ([ iparteniae - [ 1Dt ap) i)

= Climsup /_ Z]DSOX(rei‘p)]dgof( / 7 (DY (reé)| - D, Yi(re?)]) dy)

r—1 o)

S S)
< c(/@ D, Ys(e)] dip — 11133111f/e D ¥ilre')| de)

<0,

implying
(C]

71}_1)1% . |D,Y3(re")| dp = 0. (3.40)
We can finally reap the fruits of our earlier results. First note that ¥ = VX €
H'(Sge;R*)NC?(Sk.e; R*)NCY(Sk.e; R?) satisfies the differential inequality
with boundary conditions (3.39) and (3.40]). Theorem then gives

Y € MNoeper CF (S5 R?) for all R,0 with R< R < 1and 0 <4 < ©. Then by

definition of V' ([3.22)), (3.23) we conclude 4. and iii. in Theorem [3.1.8]

For 4. in Theorem we introduce Z. := {w = (u,v) | jw — | <, Jw| < 1}
for |po| < © and arbitrary € > 0. We assume now H € C%(B;). Statement 4. in
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Theorem [3.1.8| gives
X, € CY(Z,,; R?) (3.41)

for k € {1,2,3}, 0 <eg <e.

First consider k € {1,2}. By we find AY), € C%(Z,,) due to (3.41). More-
over, implies Y;(w) = 0 for w € Z,, with |w| = 1. Thus estimates from
Schauder theory, see Chapter 6 in [6], yield Y, € C?%(Z.,) for some 0 < &; < &.
Since gp € C** we obtain that X, = Y}, + gr(X3) € C**(Z,,;R?) for k € {1,2}.

Now consider k = 3. Equation implies D, Y3(e"?) = 0 for |p| < ©. Thus we
infer from that D, X3(e'?) is of class C* for |p| < © since for k € {1,2}
we have shown X € C** and we have assumed g, € C*®. So we obtain X3(e'¥)
is of class C®. Furthermore, we have AX3 € C%(Z.,; R?) since H € C%(B;). With
Schauder theory [6] we conclude X3 € C*%(Z,,) for 0 < &; < &.

Altogether we conclude X € C%*%(Z.;R®), yielding statement ii. in Theorem
BI8 O

3.2 Boundary Regularity for Minimal Surfaces

We can now investigate the boundary behaviour of minimal surfaces. With the

methods established so far we state

Theorem 3.2.1. Let I' C R?® be a Jordan curve of class C** for some 0 <
a < 1, see Definition . Let X : B — R® be a minimal surface of class
C?(B;R*)NCY(B; R?) bounded by T, that is X = X (u,v) € C*(B;R*)NC°(B;R?)
satisfies (2.7)-[R.9). Then X € C**(B;R?).

Proof. First note that the isoperimetric inequality for minimal surfaces
yields the uniform boundedness of the Dirichlet integral. Thus with we find
that X € H'(B;R?*) N C*(B;R?*) N C°(B;R?) satisfies (3.17), (3.18). Moreover
suggests to choose H = 0 and f as the zero function on B in (3.31). With

this choice we see that the assumptions on H and f in Theorem [3.1.8| are fulfilled.

Furthermore T" is assumed to be of class C%%, thus it is rectifiable. Hence we

may approximate the curve with inscribed polygons. Since we can choose the

o8



approximation sufficiently fine, and since X maps the boundary of B onto I', the
components of X (e*) are given by functions g, € C** k € {1,2} so that (3.19),
hold. Hence we can find a transformation V as in , , with the
additional property that its Jacobian .Jy, is constant. We can then invoke Theorem
I11.3.4 in [3], which uses the harmonicity of X and the semi-continuity of the arc
length, to find

©2 ) P2 .
lim Sup/ |DyJy X (re'?)| dy = / |DyJy X (e)| dp
@ @

r—1 1 1
for any o1, 9 € [—m, m) with @1 < .

Therefore we can use Theorem to conclude the proof. n

3.3 Boundary Regularity for H-Surfaces

In a final subsection we extend the considerations of Heinz and Tomi in [11] to

conclude with a statement on the boundary behaviour of H-surfaces.

Theorem 3.3.1. Let I' € B C R? be a Jordan curve of class C** for 0 < a < 1.
Let H € R be such that |H| < 3. Let X : B — R® be a surface of constant mean
curvature H of class C%(B;R?) N C°(B;R?) bounded by T; that is X = X (u,v) €
C?(B;R?*) N C°(B; R?) satisfies (2.31)-(2.33). Then X € C**(B;R?).

Proof. Note that we cannot apply the isoperimetric inequality for minimal surfaces
to obtain a uniform a-priori bound for Dirichlet’s integral. However, there exists

a variant for H-surfaces due to Heinz [7]. Indeed, there holds

11+ [H|
/\VX]Q <1 |H|L(F)2<oo,

where we refer to Theorem 3 in [7]. We infer with (2.32) that X € H'(B;R?) N

C?(B;R?) N C°(B; R?) satisfies (3.17), (3.18). Moreover, we choose H in as
the identity matrix in R*? and we set f(X,VX) :=2HX, A X,. Then by
we have that f satisfies with p(||X||z~) = H. Furthermore, since X maps
the boundary of B onto I, the components of X (e'?) are given by functions g €

29



C** k € {1,2} so that (3.19), (3.20) hold. Hence we can find a transformation V'
as in (3.22)), (3.23). Finally since |H| < 1 we obtain the relation

P2 ) P2
lim sup/ |DyJy X (re'?)| dy = / |D,Jy X (e)| dp
%)

r—1 1 V1
for any 1, @9 € [—7,m) with ¢1 < ¢9, as demonstrated in Theorem 1 in [7].

Therefore we can invoke Theorem to conclude the desired regularity. O

As a concluding remark I want to emphasise that the methods used in this chapter
are clearly not the most straight-forward way to reach the conclusion, nor do they
deliver the most general result, confer Theorem [3.0.1] Indeed the reasoning can
be simplified using more modern tools, as Struwe has demonstrated throughout
his research on minimal surfaces and elliptic regularity theory [31] B0, 29]. Using
differential geometrical considerations, we can transform minimal surfaces and H-
surfaces into an elliptic system with quadratic growth in the gradient (Theorem
[.5.1 and Theorem IIL.5.5 in [31]). Then the C*“regularity can be obtained by
Theorem 2.8 in [29]. Even though all these results lead in a simple and beautiful
way to the same conclusions, this thesis attempts to discuss Heinz and Tomi’s

approach as I understand it.
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