FROM DOBLIN TO ALEKSANDROV
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ABSTRACT. We prove Aleksandrov maximum principles for linear second-order kinetic equations
in non-divergence form with measurable, uniformly elliptic diffusion coefficients. For coefficients
A(t,v) we obtain every source exponent p > 2d + 1. For autonomous coefficients a(z,v) in one space
dimension, we obtain every p > p*(%), where p*(%) < 4 depends only on the ellipticity ratio. The
first step in both proofs is Déblin—Fourier cancellation: two positive parts of the kernel have nearly
opposite phases, and a common lower bound for their velocity marginals allows us to cancel fixed
portions of them. For the autonomous problem, this argument applies on velocity intervals away from
zero. A preliminary Aleksandrov estimate gives Holder continuity and then a Harnack comparison. A
homogeneous Bellman barrier controls concentration in position and velocity; together with Harnack,
it makes the local density estimates summable across zero velocity, including at p = 4. We give the
full proofs and the passage from the maximum principle to local Holder continuity.
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1. INTRODUCTION

Diffusion changes velocity; transport turns those changes into motion in position. This interaction is the
source of regularity for the kinetic operator 9; +v -V, — A : D%, Kolmogorov computed its fundamental
solution for A = I [15]. For smooth coefficients, Hérmander’s theorem explains why diffusion in velocity
also smooths position: commutators with transport supply the missing derivatives [13, Theorem 1.1].
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Here the coeflicient is only measurable. We ask which estimates follow from ellipticity alone, without
differentiating the coefficient.

For a uniformly elliptic operator a*/9;; on a bounded domain  C R the Aleksandrov-Bakelman-Pucci
estimate [2, 3, 22| answers this question in the form

(1.1) supu < sup uy + C| f4 |~ )
0 09

whenever a%/ O;ju > —f; see [8, Chapter 9]. The constant depends only on the dimension, ellipticity and

domain. Krylov’s parabolic estimate uses L™V 1! in space and time, with a factor PN on a cylinder of
spatial radius r [16, Theorem 3[; see also [23, 7]. These bounds control the effect of a source concentrated
on a small set. That control is a starting point for the Krylov—Safonov Harnack theory [17].

The classical proof does not carry over directly to the kinetic operator. It measures the source where
the graph of u is touched from above by an affine function, using the determinant of the Hessian to
estimate the volume of the resulting slopes. The kinetic equation controls D?u but contains no second
derivative in position, so this argument leaves the position directions uncontrolled. We instead use
transport to turn diffusion in velocity into cancellation of spatial waves. This gives two estimates of
the form (1.1), with the power of the radius fixed by kinetic scaling. In each coeflicient class, uniform
ellipticity and Borel measurability suffice: no continuity or derivative bound is assumed. The solution
is continuous on the closed cylinder, of class C1'1'2 inside it, with no integrability assumption on its
derivatives at the boundary.

1.1. Main results. Let d > 1, Py = (tg, z0,v0) € R x R? x R? and R > 0. The kinetic cylinder is
(12) Q}_%(Po):{(t,.f,v)l to*R2<t<t0, |U*’U0| < R, |(E*£U0*(t*t0)’00| <R3}.

We write V=v—wvgand Y =z — a9 — (t — to)vp for the relative velocity and the relative position. The
kinetic boundary of Qp(Po) is

(1.3) 0k Q7 (Po) = Qr(Po) N ({t —ty— RYU{V|=RYU{|Y|=R% V.Y < 0}) .

It consists of the bottom face, the velocity faces, and the part of the position faces through which the
relative transport d; + V - Vy enters the cylinder. It does not contain the relative interior of the top
face t = tg, nor the relative interior of the part of the position faces where V - Y > 0; on those two sets
the estimates below prescribe nothing. Figure 1 shows these faces, and their reflection used in Section 6.

Let A:R xR — Sym, be Borel measurable and let 0 < A < A < oo with

(1.4) My < A(t,v) < Al; for almost every (t,v) € R x R,
For u € C1'12 (see the notation fixed at the end of this introduction) set
(1.5) Lau= 0w +v-Vyu— At,v): Du.

Theorem 1.1 (Coefficients depending on time and velocity). Let A satisfy (1.4), let L4 be the
operator (1.5), let 2d +1 < p < oo, and let f be a real-valued Borel function on Qr(Po). Suppose that

u € C(Qrp(P)) NCY12(QR(F))

and
Lau < f almost everywhere in Q(FPo), f+ € LP(Qr(Po)) -
Then
o_ 4d+2
(1.6) sup u< sup  uq +Caanp R 7 ||f+HLp(QI;(pU)) :

QR (Po) Ok QR (Po)

Let now d =1, let a : R x R — [\, A] be Borel measurable, and set
(1.7) Lou = 0+ v9,u — a(x,v) 0yt ..
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Theorem 1.2 (Autonomous coefficients in one space dimension). Let p. = p.(4) =1+ B.(}) € [3,4),
where B, is the homogeneous adjoint exponent of Appendixz B. For d =1, p, < p < 0o and a real-valued
Borel function f on Qp(FPo), we suppose that

ue C(Qp(Py))NCH?(QR(R)),

and
Lou < f almost everywhere in Qr(Po), f+ € LP(Qr(Py)) .
Then
_s
(1.8) sup u < sup  uy +Chap R*™v Her”LP(Q;(PO)) .

Qn(Po) Qg (Po)

For the later Holder argument, we need to count the source only where the sub-solution is positive.
Indeed, we will compare a solution with a smooth barrier and use the smallness of the set where the
barrier lies above it. A source norm over the whole cylinder would lose that information. The proofs
give the following form, used in Section 9.

Corollary 1.3 (Localisation of the source). In Theorems 1.1 and 1.2 the norm ||f+||Lp(QI_%(PO)) may be
replaced by ||f+1{u>0}|\Lp(Q,;(Po))'

The powers of R follow from kinetic scaling. The map (¢, z,v) — (R?t, R3x, Rv) carries Q7 (0) onto
Q% (0) and multiplies Lebesgue measure by R*+2 the homogeneous dimension being 2 + 3d + d; a
source rescaled from QQ to Q7 acquires a factor R? and its LP norm a factor R_M%. The resulting
power of R vanishes at p = 2d+ 1, where the estimate would be scale invariant; Theorem 1.1 covers every
larger exponent. The strong L**t! endpoint fails even for constant coefficients, by the nested-bump
construction in [20, Section 8.5]. For d = 1 the scaling threshold is p = 3. Theorem 1.2 reaches every
D> p*(%) with p, < 4, and in particular includes p = 4. The improvement below four depends on the
ellipticity ratio. The threshold p, is the one supplied by the Bellman argument of Section 8.5; neither
its optimality nor an estimate at p = p, is claimed.

Appendix C proves a stronger obstruction for autonomous coefficients. For every p < 4d, a suitable
fixed ellipticity ratio admits smooth examples whose height stays positive while their source norm tends
to zero. The construction starts with a positive stationary profile H of degree 0 < o < 1, singular only
at the origin. Flattening 1 — H there keeps its height and confines its source to a small kinetic annulus.
A decaying velocity barrier removes the initial data without increasing the positive source. The source
norm is bounded by C’ro‘72+%, which tends to zero when « is sufficiently close to one.

The quantifiers matter: the coefficient bounds can depend on p, but stay fixed along each sequence. In
dimension one, this rules out any threshold below four valid for all ellipticity ratios. It is consistent
with Theorem 1.2, whose improvement is for each fixed ratio and may shrink as the ratio grows. In
higher dimensions the construction concerns A(x,v), not the restricted class A(¢,v) of Theorem 1.1.

For smooth A(t,v), the argument also gives the Lorentz-space endpoint with source in L24+1:1; Re-
mark 5.4 records the short additional argument.

1.2. Strategy. Both proofs start from the same Green-density estimate. We reverse time to use
terminal-value kernels and reflect position to preserve the sign of transport. This changes neither the
estimates nor their exponents; we return to the original variables at the end. Each operator then
becomes an instance of

(1.9) K =0, + B(o,v) : D2 +b(v) -V, on R, x D, x R?,
Diffusion acts in v, transport acts in z, and the coefficients are independent of z. For A = A(t,v), we

take z to be the reflected position, b(v) = v and D = R%. For a = a(x,v) in one dimension, we work on
a velocity interval separated from zero. Position then moves in one direction and can serve as time.
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After normalisation, D is a fixed bounded interval. The old time becomes the transported variable;
autonomy is what makes the new diffusion coefficient independent of it.

Fourier transformation in z separates the waves. The transformed kernel KSisa complex measure in
terminal velocity. Its variation is bounded by the positive velocity marginal P, obtained at frequency
zero. With v denoting the starting velocity, our key estimate is

(1.10) IKS (v, ) |rv < Cexp(—c(r —0)l€]7),

To obtain this decay, we choose two curves in velocity space whose accumulated displacements in z give
phases differing by 7. The curves end at the same centre, and a barrier retains a fixed amount of the
kernel in a small tube around each curve. The Lipschitz bound on b keeps the phases close to those
of the curves. The resulting terminal velocity distributions need not agree. We continue both in one
fixed ball, where the parabolic Harnack inequality [17, 7] gives a common minorant: a positive measure
bounded above by both velocity marginals. The portions supplied by this lower bound cancel up to the
phase error.

This removes a fixed fraction of total variation in a fixed time at frequency one. At frequency &, kinetic
scaling gives the same contraction over a time proportional to |£ |*%: a velocity change of size r = |£ |’%
produces a displacement of size r® over time r2. Composition repeats the contraction and gives (1.10).
The comparison of two measures with a common positive part is the feature shared with Doblin’s
argument [5]; here the loss comes from their opposite Fourier phases (Lemma 3.7).

The positive marginal in (o, v) is controlled by the parabolic Aleksandrov estimate |7, Theorem 2.4]: its
occupation density belongs to L7 for 1 < v < ‘%1. Fourier inversion combines this bound with (1.10)
to give a full Green density G for unit initial mass. With 7 denoting elapsed time, it satisfies

2T
/ / G(r,w, z)?dwdzdr < CT1—2d(a-1)
T DxRd

Integrating this inequality against % is finite near zero precisely when ¢ < 1 + 2—1d. This gives the
finite-horizon Green estimate in the whole space. On a bounded velocity interval, exponential loss at
the endpoints also makes the integral finite at infinity; for d = 1 the same small-time condition is ¢ < %

Integrating the source against this Green density gives a non-negative potential. Subtracting it from
the reflected sub-solution leaves a function bounded by its exit-boundary values. Holder’s inequality
then gives the Aleksandrov estimate with p = qﬁ—l. For A(t,v), the available time is at most R?, and
the density bound gives exactly the factor R257. We first prove this for smooth coefficients. For
measurable coefficients, we keep the classical sub-solution fixed and approximate the coefficient on
compact inner cylinders, where its velocity Hessian is bounded. Exhaustion then gives the estimate up

to the kinetic boundary.

For a = a(x,v), the difficulty is to combine the estimates on velocity intervals as they approach zero.
A first count of repeated visits already gives the Aleksandrov estimate at p = 6. This implies Holder
continuity, from which propagation along kinetic paths gives a Harnack comparison for the full-space
autonomous evolution. We then use this regularity to improve the estimate from which it came.

The improvement concerns the timing of returns. A convex function of velocity bounds the time-
integrated mass in a small velocity interval. Harnack prevents that mass from concentrating in a short
time interval: a value at elapsed time ¢ is bounded by an average over [2t,3t]. Together these give
the bound C % for mass in an interval of size r, when the starting velocity has size r and ¢ > Cr2.

Consequently, the mass beginning new visits during successive intervals of length 72 is bounded by
C(l+j )_%, with time measured from the first arrival in the inner interval. Summing its g-th powers
gives the density bound CRi '7ra=3. Its integral against % is finite for ¢ < %, giving p > 4. This
recovers the range proved in the short paper.
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To reach below four, we also record the position at which each visit begins. A homogeneous barrier
bounds occupation of boxes of width 3 in position and r in velocity. Harnack converts this integrated
bound into faster decay for the mass in each box. In the density sum, this contributes an additional
power 7<(4=1 making the sum converge even at ¢ = % and slightly beyond. The preliminary estimate
therefore improves through its own regularity consequences, together with the new barrier; the final

theorem is used only at the end.

For general A(t,x,v), neither choice of time leaves a transported variable absent from the coefficient.
The Fourier waves then interact, and the argument above does not apply. In the autonomous case,
changing the clock removes this difficulty only away from zero velocity; the estimates on returns are
what let us cross that remaining region.

1.3. Literature. For kinetic equations in divergence form, Golse, Imbert, Mouhot and Vasseur [9] proved
Holder continuity and a Harnack inequality with measurable uniformly elliptic diffusion and bounded
drift and source. Their cylinders are those of (1.2). Guerand and Mouhot [11] gave short quantitative
De Giorgi proofs of the weak Harnack and Harnack inequalities, and Guerand and Imbert [10] gave
a constructive proof using a logarithmic transform. In [9] and [10], the source is controlled by its
supremum.

In non-divergence form, Abedin and Tralli [1] prove invariant Harnack inequalities under a Cordes—
Landis condition on the eigenvalues of the coefficient or under a uniform modulus of continuity. Dong
and Yastrzhembskiy [6] prove global L? estimates and solvability when the coefficient is measurable in
time but of vanishing mean oscillation in position and velocity. An Aleksandrov maximum principle for
general measurable A(t, z,v) is announced in the forthcoming work [21]. Hao and Zhang [12] prove such
an estimate through a probabilistic occupation bound and derive Harnack and Holder estimates for
strong solutions. The present argument instead uses Fourier cancellation in the two restricted coefficient
classes above.

Zhu [24] proves interior Holder estimates for classical stationary solutions in one space dimension with
a merely measurable coefficient a(z,v). The autonomous coefficient in Theorem 1.2 is the more general,
since our solutions may depend on time, and we obtain a sharper threshold on the Lebesgue exponent.

The short paper [20] presents the cancellation argument, its Aleksandrov estimates, and a mixing
theorem for diffusion on the sphere. This companion gives the detailed proofs of the Aleksandrov
estimates and the passage to Holder continuity. It also improves the one-dimensional autonomous range
from p > 4 top > p*(%) with p. < 4. The spherical mixing theorem is proved in the short paper.
We use its kernel notation and denote the space dimension by d here; the relation between the two
conventions for solution operators is explained below.

1.4. Outline. Sections 2-5 concern the operator (1.9) alone: Section 2 fixes the setting and the kernels,
defines the Green measure and states the density theorem; Section 3 proves the decay (1.10); Section 4
the occupation estimate at frequency zero; Section 5 combines them. Section 6 reflects the variables
and proves what the two applications share; Sections 7 and 8 prove Theorems 1.1 and 1.2. Section 7
also obtains local spatial smoothing and a direct Holder estimate for A(t,v). Section 9 shows that
the Aleksandrov principle, in the localised form of Corollary 1.3, implies local Holder continuity in
the kinetic quasi-distance: Theorem 9.1 states this for an arbitrary uniformly elliptic Borel coefficient
A(t, z,v), Corollary 9.10 uses this implication for the autonomous class, while Corollary 9.9 follows from
the direct local argument. Appendix A constructs the solution operators, the Duhamel potentials and
the Green and exit measures of a velocity strip. Appendix B proves the homogeneous adjoint degree
gap and constructs the Bellman barrier used for the improvement below four. Appendix C constructs
the autonomous counterexamples.

1.5. Notation. Smooth means C*; Sym, denotes the real symmetric d x d matrices, acting by
A:D?u= i AijOy;v;u. For an open set O C R*+24 we write C1'1:2(0) for the set of functions on
O whose derivatives 0;u, V,u, V,u and D2y exist and are continuous in O; no condition is imposed
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at the boundary of O. We write g1 = max{g,0}, and every L? norm is taken in all the displayed
variables with respect to Lebesgue measure. Constants C' and ¢ depend only on the parameters listed
as subscripts or named in the statement in which they occur.

Acknowledgements. The first author acknowledges support of the Fondation Sciences Mathématiques
de Paris.

AT disclosure. The mathematics is a product of more than a year of work, discussions, and eventually
assistance of Al. This manuscript here is written by Codex. It accompanies the shorter human-written
file [20].

2. A PARABOLIC EQUATION WITH A TRANSPORTED VARIABLE

Both coefficient classes reduce to an equation with diffusion in v and transport in z, whose coefficients
do not depend on z. This independence lets each spatial frequency evolve separately. We introduce its
positive evolution kernel first, then its Fourier transform and its time integral, the Green measure. The
density estimate for the last of these will give the Aleksandrov principle.

2.1. Setting. We fix d > 1. Throughout Sections 2-5 we consider a domain D C R? and a smooth
map b: R - R?, in exactly one of the following two situations.

(W) D =R% b(v) = v, m=L,=1;

() d=1, D = J a bounded open interval, m<b < L,onRR, 0<m< Ly, <.
In both cases, for all v,w € R? and every unit vector é € RY,

(2.1) [b(v) = b(w)| < Lylo —w|,  &- Db(v)é = m.

Let B be a smooth map from R x R? to Sym, with

(2.2) Ay < B(o,v) < Aly, 0<A<A<oo.

In case (I) only the values of B on R x J enter any statement below; B is defined on all of R x R? for
convenience. The operator is

(2.3) K =0y + B(o,v) : D2 +b(v) -V, on R, x D, x RY,

with zero boundary values imposed at 9D x R? in case (I). We call d, A\, A, m, Ly, and in case (I) also
|J|, the structural constants. Every constant below depends only on the structural constants and on the

exponents named in the statement; none depends on derivatives of B or of b, on o, or on the position
of J.

2.2. The terminal solution operator. For o < 7, we denote by S, ;F' the solution at time o with
terminal value F' at time 7 and zero values at the velocity boundary. The boundary may move: we
need this to retain mass in a tube around a prescribed velocity curve. The construction also allows
B = B(o,v, z), as required for the original autonomous operator. Independence of z is needed only for
the Fourier estimates. Appendix A proves the following properties.

Proposition 2.1 (Terminal solution operator). Let 2 C R? be R, an open ball, or, when d =1, a
bounded open interval; let v : R — R? be continuous and piecewise C1 with Q, = (o) + ) (the constant
curve v = 0 is allowed). Let B : R x R? x R — Sym,, be smooth with A\l < B(o,v,z) < Aly, and let
b:R% — RY be smooth and satisfy (2.1). We consider

K =0, + B(o,v,2): D2 +b(v)- V.

on {(o,v,2) : v € Qy} with zero boundary values on {v € 0Q,}. For o < 7 there is a linear operator
So.r, acting on bounded Borel functions F on Q, x R%, with the following properties.
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(i) For F € C(Q2; x RY), the function u(o,v,z) = S, . F(v,2) is the unique bounded solution of
Ku =0 for o < 7, smooth inside the moving domain and continuous up to its terminal and
lateral boundary, with terminal datum F and zero lateral datum.

(i) Se,r is positive, So ;1 <1, and Sy = S5 Sy s foro <r <T.
(iii) The operators have positive kernels K, -((v, 2),-) on Q, x R, of mass at most one and jointly
Borel in (o,7,v,2):

SorF(v,2) = /FdK(W((v,z)7 ).

(iv) If B does not depend on z, then Ky ((v, 2+ h), E+ (0,h)) = K, -((v,2), E) for all h € R,

(v) If Q and 7' are another admissible domain and curve with Q. = ~'(c) + Q' C Q, for dall o,
then the kernels of the two problems satisfy K, . ((v,2),-) < Ko -((v,2),-) for v € Qf, where
the left side is extended by zero.

(vi) If B does not depend on z, the velocity marginal Py (v, E) == K, -((v, 2), E xR%) is independent
of z, and ¢ — [ ¢(w)Py (v, dw) is the terminal solution operator, in the sense of (i)—(iii), of
the parabolic equation 8,V + B(o,v): D2V =0 on {v € Q,} with zero boundary values.

We use v for the starting velocity and w for the terminal velocity; v’ denotes an intermediate velocity
when we compose two kernels. Time indices are chronological. The kernel acts on terminal functions
through S. Its dual action on initial measures is denoted by U:

[ P = [ S0cFan

These are two actions of the same kernel. For fixed starting variables (v, z) at time o, the measure
Ko 7((v,2),-) is Ug +0(s,z). It solves the adjoint equation in the terminal variables, whereas SF* solves
the terminal-value equation.

In the spherical section of the short paper, S;; denotes the evolution of densities relative to reference
probabilities 7y, m;, satistying U s = 7. Thus U, (frs) = (Ss,¢ f)me, and the terminal action denoted
here by S is its Hilbert-space adjoint, from L?(m;) to L?(ms). In the autonomous spherical case the
reference probability is invariant. This change of representation introduces no additional kernel.

When B is independent of z, we may use displacement x = z’ — z in place of terminal position. The
image of K, ;((v,z), dwdz’) under this change is denoted by K, (v, dz, dw). Whenever the density
exists, we write

K 1(v, dz, dw) = K, ¢(z,v,w) dz dw, Ps (v, dw) = Ps ¢ (v, w) dw.

The density notation places displacement first, followed by starting and terminal velocity, as in the short
paper. If only a density in position is available, K, ;(z,v, dw) remains a measure in terminal velocity.
For coefficients depending on position, the starting position remains an argument of K. We write
KP PP for a fixed velocity domain and K?+*, P7* for the moving ball B,(y(c)), omitting superscripts
only when the domain is fixed throughout the argument. The same convention will apply to the
boundary measure w?, which represents terminal and velocity-boundary data.

2.3. Fourier kernels. Since the coefficients are independent of z, we Fourier transform the displacement
to obtain complex measures on D. For £ € R%, v € D and Borel E C D, we put

(2.4) IA(E)T(U, E) = / e E A K ((v,2), dw dz').
ExR4

At £ = 0 this is the zero mode P, (v, -) of Proposition 2.1(vi), the kernel of the parabolic equation in v
alone. The lemma records the total-variation domination and temporal composition needed below.



FROM DOBLIN TO ALEKSANDROV 8

Lemma 2.2 (Fourier kernels). Under (W) or (I), 1?37(11, -) is a complex Borel measure on D which
does not depend on z, the map v — I?g’T(v,E) is Borel for every Borel E C D, and:

(i) For every Borel E C D,

|f<§T|<v,E> < Por(,B), K5 (v, )|rv < Por(v, D) <1
(i) I?g fD (v, E) K5 #(v, dv') for o <r < 7; consequently
(2.5) HKﬁ,T(v,')HTV < |KS,, (v, )llrv S}é%\lf?f,r(v/, )y

Proof. Translation invariance of K makes (2.4) independent of z, and integration of bounded Borel
functions against a Borel kernel gives a Borel kernel. Since the phase has modulus one, its Fourier
projection is dominated in total variation by the positive velocity marginal, proving (i). For (ii), we
apply the composition law for K and Fubini’s theorem, using

e—i§~(z”—z) _ e—i&(z/—z)e—ié(z”—z’)_

The inner integral is IA(ET(U’ ,E) and is independent of z’. The outer integral is therefore its integral

against I/(\'f_!r(v, -). Taking total variations gives (2.5). O

2.4. Green measures. The evolution kernel records mass at one terminal time. Its integral in time is
the Green measure: integrating a source against it gives the solution with zero terminal and velocity-
boundary data. We denote the time integral by I' and its density, when established, by G. Thus
P, K and T are obtained from K by integration in position, Fourier transformation in position, and
integration in time, respectively.

Let u be a finite positive Borel measure on D x R?, prescribed at time o, with mass M = u(D x R%).
For 0 < S < 0o define the positive measure Fi on (0,5) x D x R? by

S
(2.6) /FdFi :/ u(dvdz)/ / F(r,w,2") Koy oo4r ((v,2), dwdz’) dr
DxRd 0 JDxRd

for non-negative Borel F', where 7 is elapsed time. Kernel contraction gives mass at most M .S for finite
S, hence local finiteness when S = co. The next lemma identifies its action on sources; its proof is in
Appendix A.

Lemma 2.3 (Duhamel potentials). In the setting of Proposition 2.1, let . € R, let U = {(0,v,2) :
o< T4, VEQ}, and let 0 < g € CX(U). Then

(2.7) Wy(o,v,2) = /T+ So.r (g(r, . )) (v, 2)dr, (o,v,2) €U,

is smooth in U, satisfies 0 < W, < (14 —o)supg and KW, = —g in U, and extends continuously
by zero to {oc = 74} and to {v € 0N, }. It is the integral of g against the Green measure (2.6) from
(0,0, 2), written in absolute time. The same assertions hold for the parabolic operator 8, + B(o,v) : D2,
with z omitted and S replaced by its marginal kernel P.

Theorem 2.4 (Green density). Let u be a finite positive Borel measure on D xR? of mass M , prescribed
at time oy.

(i) In case (W), for every S € (0,00) and every 1 < q <1+ 55, the measure Fﬁ has a density Gﬁ
with respect to Lebesgue measure on (0,5) x RY x R, and

1— 2d(q 1)

(2.8) IG3 1 La((0,8) xraxre)y < Caang M S
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(ii) In case (1), for every 1 < g < %, the measure I'5Y is finite, has a density G7° with respect to
Lebesgue measure on (0,00) X J X R, and

(2.9) 1G22 La(0,00)x TxR) < Cx AL, J],q M -

Theorem 2.4 is proved in Section 5; its two alternatives are the geometries used below, and its kinetic
scaling is recorded in Lemma 2.5.

2.5. Kinetic scaling.
Lemma 2.5 (Kinetic scaling). We fir 0, € R, v, € D, 2. € R and r > 0, and put
(2.10) o= 0.+ 17, v =0, + 7Y, 2=z, + (0 —0.)b(vs) +7°Z.
Let
D, =r"YD-w,), B.(1,Y)=B(o.+r*r,0.+71Y), b(Y)=r""(b(vs +71Y)—b(v,)).

Then (D, b,) is again of type (W), respectively (1), with the same constants m, Ly, (and |J.| = r=1|J|),
B, satisfies (2.2), and if u(o,v,z) =U(1,Y, Z) then

(2.11) Ku=r"%(0; + B, : D} +b,-Vz)U.
Moreover, if K¢ and IA((i) denote the Fourier kernels of the two operators, then for alloc < o', ve D
and ¢ € RY,

(212)  ES )y = IKLS, (V). o=ontrin ol = o+ r?, v =v. 1Y

Proof. The chain rule gives (2.11); the shift in z subtracts the constant transport b(v.). Also Db, (Y) =
Db(v, + rY’), so the structural bounds are unchanged. Uniqueness of the terminal problem identifies
the original kernel with the affine image of the rescaled kernel. Since

Y — 2= (0 —o)b(v.) +7(Z - 2),
their Fourier projections satisfy

R o0, B) = ) REE L (Vor (B = ).

The affine pushforward and the constant phase preserve total variation, proving (2.12). O

3. DECAY OF THE NON-ZERO FOURIER MODES

We choose two curves in velocity space that carry a spatial wave into opposite phases. A fixed amount of
the kernel stays near each curve. After a short further evolution, the two terminal velocity distributions
have a common positive lower bound by parabolic Harnack. The corresponding portions of the kernel
cancel up to a small phase error. The resulting contraction is uniform in the starting point, so it can be
repeated. Higher frequencies require less time for the same phase separation, giving the following decay.

Proposition 3.1 (Decay of the Fourier kernels). There are constants C,c > 0 depending only on the
structural constants such that for allo < 7, v € D and & € R?:

(3.1) Hf(fm(v, v < Cexp(—c(r — a)|§\%)m case (W),
(3.2) HI?(E,T(U, v < Cexp(—c(r—0o)(1+ \§|%))m case (I).
In case (W), the dependence on ellipticity can be written in the form used in the short paper:

IBS (0. ) v < Caexp (—eandS(r=o)lel¥). =7
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Indeed, the change o = M\sg, D= A"3v, 2=z leaves transport in the form ¥ - V5 after division by A3,
and normalises the diffusion bounds to [1, k]. Position and its frequency are unchanged, while pushing
forward the velocity measure preserves total variation.

A velocity change of size r over time r? produces a relative displacement of size r3. Taking r = |¢ |_%
therefore separates phases in time |¢| ~3. We prove a fixed contraction at unit frequency in Proposition 3.9,
using moving-ball barriers and the common minorant. Near the endpoints of a bounded interval, where
the balls may not fit, boundary loss replaces cancellation. Section 3.5 then scales and iterates the
contraction; boundary loss also supplies the decay at frequency zero.

3.1. Two barriers in a moving ball. The first barrier gives a lower bound on the mass remaining in
B,(v(r)). The second bounds its displacement in z, and hence its Fourier phase. Both use the following
comparison principle. The velocity domain may move along a piecewise C'' curve. Since position ranges
over all of R?, comparison also requires control at spatial infinity.

Lemma 3.2 (Maximum principle on a moving domain). Let  C R? be an open ball or, when d = 1,
a bounded open interval, let v : [o,7] — R? be continuous and C' on each interval of a subdivision
oc=rg<r <---<rp=1, put Q. =5(r)+ Q and

T:{(T7U7Z)IO'§T§T, ’UGE, ZERd}.

Let W be continuous on T, with 0,¥, V, ¥, V.U and D>V continuous at every interior point whose
time coordinate is not one of r1,...,rx_1, and suppose that KV > 0 at those points, that ¥ < 0 on
{r =7} and on {v € 9Q,}, and that either ¥ does not depend on z or ¥(r,v,z) = —o0 as |z| = o
uniformly in (r,v). Then ¥ <0 on T.

Proof. We first suppose that 7 is C1. We replace ¥ by ¥, = ¥ —g(1 +7 —r), so that K¥. > 0 and the
boundary values remain non-positive. We fix o’ > o. If ¥, has a positive value on {r > o'}, it attains
a positive maximum there: in the first alternative omit z, and in the second use the uniform decay at
infinity to restrict z to a compact set.

At a maximiser (74, Vs, 24 ), the terminal and velocity boundary conditions give r, < 7 and v, € ..
Hence

V0, =0, DV, <0, V.0, = 0.
The curve 7 +— (r,v. +v(r) — ¥(r+), z+) stays in the moving domain for r > r, close to r.. The right
derivative at its maximum is non-positive, giving

0V, + 'Y/(T*> V¥, =0, ¥, <0.

This also covers a maximiser at r, = o¢’. Positive semidefiniteness of B now gives KU, < 0, a

contradiction. We let ¢’ | o and then ¢ | 0.

For piecewise C! curves, we apply this argument successively on the subdivision intervals, starting with
the last. Continuity supplies the terminal inequality for each preceding interval. O

Lemma 3.3 (Retention in a moving ball). Let v : [o,7] — R? be continuous and piecewise C* with
|v| < H, and let p > 0 be such that B,(y(r)) C D for o <r < 7. Let KV be the kernel of K with
zero boundary values on OB,(y(r)) x RL. Then for every z € RY,

(3:3) K22((1(0). 2), By(1(1)) x BY) > exp(~Capa (072 + H)(r —0)).

Proof. We extend « constantly outside [0, 7]. By Proposition 2.1(vi), the mass in (3.3) is the mass of
the parabolic kernel P7* on the moving ball, independently of the starting position.

We choose an integer N > 3 with 2(N — 1)X > dA, and set ey = 4AN(N — 1)A — 2NdA > 0. For 0 < s < p,
put
yy—1- P V) = (w(Y):)N
wr) =15 ) = on)
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Then ¢, € C?(R?), 0 < 1, < 1 =1,(0), and its derivatives vanish outside B,. Inside that ball,

AN(N — 1)

2N 2N
Vi, = ——wN7ly, D2y, = —5—2WN_11d +— WY ®Y.

52
We use tr B < dA, Y - BY > \|Y|?, wN=T <wN=2for 0 <w <1, and wN=1 = wN +wN-1 IY‘ to obtain

(3.4) B:D*), > — U+ W V).
For |a] < H, Young’s inequality gives
CN _ N2H2
- Vs < WY+ s
The first term is absorbed by (3.4), leaving
2NdA  N2H?
(35) B: D2¢s —a- sz > *Csws, Cs = 52 + c y
N

This holds on all of R?, since both sides vanish outside B;.

We choose 0 < ¢ < 1 in C2°(B,(y(7))), equal to one on B,(y(7)), and let V(r,v) = [ ¢dP)P(v,-). Tt
solves the homogeneous parabolic equation with terminal value ¢ and zero lateral values. By (3.5),

U(r,v) = (0~ A(r) — Vi(r,)

has ¥ > 0 on each smooth time interval. Its terminal values are non-positive because s < ¢, and its
lateral values vanish because s < p. Lemma 3.2 gives ¥ < 0. At the centre,

P12 (y(0), B,(v(7))) = V(0,7(0)) > e (=),
We let s T p and use C,, < Caxalp™2+ H?). O
The second barrier concerns the transported variable. Along the evolution, z is transported at the rate

b(v); if v is confined to a ball of radius p about a known centre, the accumulated displacement of z in a
given direction is determined by that centre, with an error proportional to p.

Lemma 3.4 (Phase localisation). In the setting of Lemma 5.3, let é € R? be a unit vector, zy € R?
and v € B,(y(0)). The measure K)£((v,20),) is supported in

(3.6) {(w, 2'):

&)= [ Ep0m)ar| < Lot o)},

Proof. For 0 <r <, put

ser(r2) =+ <£- (z — z) — / £-b(v(s)) ds) — Lyp(r — o).
These functions are independent of v and affine in z. The Lipschitz bound on b gives, for v' € B,(v(r)),
(3.7) Ksep = Qpsex +b(V') - Vosep = 26 - (b(v') — b(y(r))) — Lop < Ly|v' —~(r)| — Lyp < 0,

We take 0 < ¢ < 1 smooth and compactly supported in the terminal set {sc (7, z) > 0}. We choose a
smooth increasing y : R — [0, 1], zero on (—oo, 0] and equal to one above the positive minimum of >
on supp ¢. Then F' = y(5;) satisfies CF < 0 and dominates ¢ at time 7.

The terminal solution u = S7>£¢ is bounded between zero and one and vanishes on the velocity boundary.
To compare it with F' on the unbounded position domain, put

(7, 2) = n(1 + |z — 20|?)eMetDT=r) M, = sup [b(e)].
o<r<t,v'€B,(v(r))
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The supremum is finite, and 2|z — 29| < 1+ |z — 29|? gives Kh,, < —h,,. Thus u— F — h,, has non-positive
terminal and lateral values, tends uniformly to —oco as |z| — oo, and has non-negative . Lemma 3.2
gives u < F' + hy. At (0,v,20), F =0, so

/(bdK'yp v, 20),") < neMet1) (=)

We let 1 | 0. Inner regularity shows that the kernel gives no mass to {5 (7,2) > 0}. Repeating the
argument with s_ excludes the other side and proves (3.6). O

3.2. A common minorant at the terminal time. The barriers retain a positive amount of mass in
each tube. A lower bound on two total masses does not yet give a common positive measure below both
distributions. We obtain this common minorant by letting both evolve in one fixed ball and applying
parabolic Harnack.

For each non-negative terminal function of velocity, its integral against the parabolic kernel is a non-
negative solution of the parabolic equation in the starting time and velocity. We apply Harnack to this
solution after reversing time. Because the comparison holds for every such terminal function, it is an
inequality between measures. This is the lower bound used in § 3.3; the Fourier kernels themselves are
complex and play no part in this application of Harnack.

Theorem 3.5 (Parabolic Harnack inequality [17]; see [7, Theorem 1.5]). Let N > 1 and let B :
(0,1) x B1(0) — Symy be continuous with A\Iy < B < Aly. There is h = h(N, A, ) > 0 such that
every non-negative u € CH2((0,1) x B1(0)) solving dpu = B(6,v) : D?u in (0,1) x B1(0) satisfies

(3.8) sup  u < ph7t inf  u.
(5.3)x By (0) ($:1)xB1(0)

The two cylinders in (3.8) are concentric and separated in time, so one application compares two times
only at points that are close together; a chain of applications along a segment removes that restriction
and gives the two-point comparison used below.

Lemma 3.6 (A common terminal minorant). Let vo € D and p > 0 with Dy = By,(vo) € D, let
T e R, and let Pej?%(v, -) be the kernel of Oy + B : D% with zero boundary values on OBu,(vo). There
are h,qo > 0 depending only on d, X\, A such that

Pq? 4?2 T( > hP (vo, ) for every v € B,(vy),
P

(3.9)
q?_0p27T (vo, Bap(vo)) = qo -

Proof. By parabolic scaling we may take p = 1 and vy = 0, retaining B for the rescaled coefficient with
the same ellipticity bounds. For 0 < ¢ € C2°(By), the function

u(o0) = [ 6P, (0.

is bounded, non-negative and smooth for ¢ > 0 by Proposition 2.1, and solves dyu = B(T —9,v) : D?
We join (1,0) to (4,v), |v| < 1, in six Harnack steps. We set 9; = 1+ %, v; = Zv and 9; = 5(v; +vj41).
The cylinders
3 5 .

(ﬁj—g,ﬁj—‘rg)XBl(T}j), 7=0,...,5,
lie in (0,00) x By. The successive points have time offsets 2 and £ and lie within {5 of #;. Theorem 3.5
therefore gives u(1,0) < h=%u(4,v). Testing with every such ¢ proves the first measure inequality
n (3.9), with h = p°.

For the second inequality, Lemma 3.3 on Bs, followed by domain monotonicity, bounds the mass from

C,
(T —1,0) below by go = e Scaling back proves both claims. O
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3.3. Cancellation of two phases. The lemma below applies to the portions selected using the common
minorant. Their velocity marginal is ©, and their phases lie near two values differing by 7. Replacing
each phase by its central value gives opposite Fourier contributions. The error is small, so the decrease
in total variation is proportional to ©(D).

Lemma 3.7 (Doblin-Fourier cancellation). Let M, Fy, Fy be finite positive Borel measures on D x R¢
with Fy 4+ Fy, < M, and suppose that each F; has velocity marginal ©. Let £ € R, 2o € R4, 0 < e < 1 and
1, Py € R with e ™1 +e7®2 =0, and suppose that F; is supported in {(w,z') : |¢- (2" — z0) — ®;| < &}
fori=1,2. Then the complex measure E — fEde e (' =20) AM satisfies

(3.10) H/ el clMHTv < M(D xR%) —2(1 —£)O(D).
- xR

Proof. For a finite positive measure N on D x R%, denote its Fourier projection on D by N. The phase
has modulus one, so

(3.11) IN[rv < N(D x RY).

If h is a bounded complex Borel function on D with |h| < 1, the common marginal and the phase

support give
/ h d(ﬁ; _ e—iq)i@)’ S / |e—i§<(z’_zo) _ e—i<1>1
D D xR

Taking the supremum over h yields HE — 7?0y < eO(D). Since e™®1 + 712 = (), it follows that
|F1 + Fy|ltv < 260(D). The remainder M — F; — F} is positive and has mass M (D x R?) — 20(D).
Thus (3.11) and the triangle inequality give

| My < M(D x RY) —20(D) +2:0(D),
which is (3.10). O

3.4. A contraction at unit frequency. We now choose the two paths and apply the preceding
estimates. In the whole space there is room for the moving tubes at every starting velocity. In a bounded
interval they may not fit near an endpoint, but there the zero boundary condition already removes a
fixed amount of mass. The next lemma quantifies this loss by comparison with the one-dimensional
heat equation on a half-line.

Lemma 3.8 (Killing near an endpoint). Let d =1, let J' be a bounded open interval, and let P be the
kernel of 0, + B0y, with zero boundary values at 0J'. For { >0 andv € J',
dist(v,0J") 2 [T e
3.12 Pygio(v,J) < erf(i’), erf(x) = —/ et dt.
( ) ) -‘r@( ) 2@ ( ) ﬁ 0

In particular sup,c j Py oi)y2(v,J') < erf(ﬁ) <L

Proof. We fix 7 = 0 4+ £ and an endpoint ¢ nearest to v. The distance d(v’) = |[v' — ¢| is affine on J',
with 0’| = 1. The half-line heat solution

W (0, 2) = erf (25@)

satisfies Wy = A\W,,, and W, < 0 for x > 0. Consequently
(3.13) Wy — BWyy, = (A= B)W,, > 0.

For € > 0, the function W(r,v") = W(r —r 4 £,0(v')) is a supersolution for the terminal problem. It is
non-negative at both endpoints and has terminal value ¢.(v") = W(e,9(v")). Comparison with smooth
terminal data 0 < ¢ < ¢, compactly supported in J’', gives

/¢M%AMJSWM+aMwy
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We first approximate ¢. from below by such data. We then let € | 0; since ¢. 1 1 in J’, monotone
convergence gives (3.12). Finally, 9(v) < 1].J'| and ¢ = |.J|? give the stated strict contraction. O

The four ingredients now combine, at the unit frequency and over a single elapsed time whose length is
fixed by the structural constants alone.

Proposition 3.9 (A contraction at unit frequency). We assume (W), or (I) with J replaced by an
arbitrary bounded open interval J' on which (1) holds. There are L > 0 and § € (0,1), depending only
on d,\, A\, m, Ly, such that for every unit vector £ € R?, every o € R and every v € D,

(3.14) IKS (0, )y <1 6.

The constants do not depend on the length or position of the interval. This is important because the
change of scale in Lemma 2.5 changes that interval.

Proof. We denote by C, = Cy x A the constant of Lemma 3.3 and by h, go the constants of Lemma 3.6.

We put

(3.15) Ly—24 2" - '{1 (128L)*%} - '{3 L }
. 0 — ma £ = 1min ’ b ) 7 = min 47 8LbL() )
and

(3.16) L=1Lo+4p%, R.=1+4p, mO:exp(fc*(n*Mi)Lo).

All of these depend only on d, X\, A, m, L,. We fix a unit vector £ € R%, a time o € R, a point zy € R?¢
and a point vy € D, and assume until Step 5 that Bg, (v9) C D; in case (W) this holds for every vy.
We must bound the total variation of the complex measure K| 570 +1,(vo,-), which by (2.4) is the Fourier

g

transform, at the frequency & and with base point zg, of the positive measure
M =Ko o:1((v0,20),-),  M(DxR?) <1,
the bound on the mass being part of Proposition 2.1 (iii).

Step 1: two paths with opposite phases. For t € [0, Lg] we set f(t) = min{¢, 1, Lo — t}. Since Lo > 2, the
function f is continuous and piecewise affine with f(0) = f(Lg) =0,0<f <1, |[f'| <1 and
Lo 9
f(t)dt = Lo—1=1+".
0 m

For a € [0, 5] define curves on [0, + Lo] by

7(r)=vo, 5 (r)=vo+af(r—o)¢.
Both curves begin and end at vg, have speed at most %, and stay within distance % of vg. We extend
them constantly by vy outside the interval. Since n < i, their tubes fit inside D:

(317) Bn ("Yi(f')) g B%+n(v0) Q Bl(Uo) Q BR* (’Uo) g D, 1= 1,2
We define ;
Afa) = /0 ¢ - (b(vo + af (H)€) — b(vo)) dt.
The bound (2.1) gives
Lo
A(a) > m/ f(t)dt = m + 2.
0

Since A(0) = 0 and A(3) > 7, we can choose a € (0,1) with A(a) = . We fix this value, write
Yo =75, and set

o+ Lo
a; = / & b(ri(r)) dr, as —a] = T.
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Step 2: restricting the kernel to the two moving tubes. For i = 1,2, we denote by K" the kernel of K
on [0, 0 + Lo| with zero boundary values on 9B, (v;(r)) x R%. It is available by (3.17). From (vo, 20),

its terminal measure is carried by B, (vg) x RY, since 7;(c + Lg) = v, and has mass at most one by

Proposition 2.1 (iii). Lemma 3.3, applied with the curve ~;, H = % and radius 7, gives the lower bound

(318) mo < m; 1= K;,ETZFLO ((’U(), 20)7 D x Rd) <1.
We retain mass “5® from each tube by setting
mo i mo
Ri = TWK;{,GZ-LO ((UO’ ZO)’ ')’ RZ(D x Rd) - 7
Domain monotonicity bounds each tube kernel by the full kernel. Since 2’210 < %, each R; is at most

half of that kernel. Hence
(3.19) Ri + Ry < Ky o41,((v0,20), ),
even if the two tubes overlap.

Step 3: selecting portions using a common minorant. We put T'= o + L and Dy = By,(vo) C D. We
continue R; with the kernel killed at 0Dy:

Ei(E) = / K20, +((v,7), E)R;(dv' d2').
The starting velocities lie in By, (vg) C Dy. Domain monotonicity, (3.19) and composition give
(3.20) Ey + B> < Ko 7((vo, 20), 1) = M.
The velocity marginals are
vi(E) = / PR p (v, E)Ry(dv' d2).
Since n < p, Lemma 3.6 applies throughout this integral. It gives

moh moh
vi>© = TP (v, ),  O(D) >
We set g; = 3—2, so 0 < g; <1, and define
Fi(dwdz?') = g;(w)E;(dwdz’).

At each terminal velocity w, this keeps the fraction g;(w) of F;. This operation is sometimes called
trimming; it is a weighted restriction, which need not be a restriction to a set. It preserves every
retained phase, gives F} + F5 < M, and gives each F; the velocity marginal ©. The original marginals
v1 and v, need not agree.

> 0.

Step 4: the phase error and the cancellation. We set ®; = a; + 4p%¢ - b(vg), so & — &1 = 7. Lemma 3.4
bounds the phase error during the tube by LynLy. During the common continuation, the velocity stays
within 4p of vy for time 4p?, adding at most 16L;p>. Thus E;, and hence Fj, is supported where

1
|€- (2 — 20) — ®;| < LynLo + 16Lyp° < T
Lemma 3.7 now gives

(3.21) |KS

3 3
oorr (o, )Tv <1 - §@(D) <1-4dy, 01 = —mohqo.

4
This proves the contraction whenever the two tubes fit, in particular at every starting velocity in the
whole space.

Step 5: points near an endpoint. In case (I), a point not covered above satisfies dist(v,0J’) < R..
Domination by the velocity marginal and Lemma 3.8 give

70 R
3.22 K¢ U < Pooyr(v,J' <erf< * > = 1—6, < 1.
(3.22) IR oon 00y < Prasnlo,7) < enf (S 2

This bound is independent of the interval’s length and location.
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We take § = min{d1, 3} in case (W) and § = min{dy,d2, %} in case (I). The interior and boundary
estimates cover every starting velocity. All constants depend only on d, A, A, m, L, as required. O

3.5. Proof of the decay. At frequency & # 0, the choice r = |¢|=3 turns Proposition 3.9 into a fixed
contraction over time Lr?. Composition repeats this contraction. On a bounded interval, Lemma, 3.8
also gives decay at frequency zero; we combine the two bounds by splitting the time interval in half.

Proof of Proposition 3.1. For £ # 0, Lemma 2.5 with r = |£|~% reduces the frequency to 3¢ = ‘% The

ellipticity and transport bounds are unchanged, so Proposition 3.9 and (2.12) give
(3.23) IKS 20, )tv<1—6  forallseR, veD.

T—O

We compose k = | 7% ] such blocks. The remaining factor has norm at most one by Lemma 2.2 (i).
Thus (2.5) gives a bound (1 — 6)*, and, with C; = (1 —6)"! and ¢; = w,

(3.24) IS (v, ey < (1= 8)5F 7! = Crexp(—en(r — 0)[¢]F).
The mass bound covers £ = 0, proving (3.1).

In case (I), Lemma 3.8 gives

1
P, ,J) <1 =4, bo=1—erfl—=) > 0.
ilelg a2 (v ) 0 0 er (4\5\)

The same iteration, now in blocks of length |.J|?, and |I/(\' ¢| < P imply
(3.25) 1K (v, )1v < Por(v,J) < Caexp(—ca(r — 7))

where Cy = (1 —6p) ! and ¢ = %. Finally, we split [0, 7] at its midpoint and apply (3.24) to

the first factor and (3.25) to the second. This proves (3.2) with C' = C1C5 and ¢ = %min{cl, et O

4. THE VELOCITY MARGINAL

Integrating the positive kernel in z removes transport and leaves the parabolic kernel P, (v, ). This is
also its Fourier transform at frequency zero. The parabolic Aleksandrov estimate, by duality, bounds
the density of the time integral of P in L. Unlike the mass bound alone, this controls concentration
in time and velocity. We also check that the estimate is uniform over the whole velocity space, as
needed in Section 5.

Theorem 4.1 (Parabolic Aleksandrov estimate [16]; see [7, Theorem 2.4]). Let N > 1, 0< h <1 and
Q = Bi(vg) X (to — h,to). We denote its bottom and lateral boundary by

9pQ = (B1(vo) x {to — h}) U (8B (vo) x [to — h, to)).
Let a: Q — Symy be continuous with NIy < a < Aly, let f € LNT(Q), and let u € C*1(Q) satisfy
O —a(v,t) : D2u < f in Q, u<0 on 0,Q.
Then
(4.1) upu < Cwan Il
Proposition 4.2 (Parabolic Green-density estimate). Let D be R? or, when d = 1, a bounded open
interval, and let P be the kernel of 0, + B(o,v) : D on D with zero boundary values, where B is smooth

and satisfies (2.2). Let p be a finite positive Borel measure on D of mass M, prescribed at time oo, and
S > 0. There is a non-negative density gpS on (0,8) x D characterised, for bounded Borel ¢, by

(4.2) / ’ | swgrwyawar = [ pav) / S/D 6(r, ) Py gosr (v, du) dr
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and, for 1 <~ <~y = %7
d+2 d
(4.3) 197117 ((0,8)x D) < Capapy M ST, ﬂw::4§§7_'§.

Proposition 4.2 is the dual form of the parabolic Aleksandrov estimate; the short localisation below
makes its constant independent of the spatial extent of the source.

Proof. We first take op =0, S =1 and D = R For 0 < F € C2°((0,1) x R?), let

1
W(r,v)z// F(t,w) Py t(v, dw) dt, H= sup W
r JRA ' [0,1] xRe

Then W >0, H < ||F||s, W(1,-) =0 and 8,W + B : D*W = —F.

We choose R? = max{1,4dA}. For any 0 < a < 1 and v., let V solve the same source equation
on (a,1) x Br(vs), with zero terminal and lateral values. Parabolic solvability [19, Theorem 5.14]
gives a classical solution V € C1? in the open cylinder, continuous on its closure; no regularity up
to the boundary is used. After reflection s =1 — r and scaling, put S=1—-a, p= (1 — 2(5/5’)% and
Ts(s,v) = (0 + p%s, v+ p(v—w,)). Then Ts maps the closed cylinder into the open one, so Vs = V o T}
is C12 on a neighbourhood of the closed cylinder and solves the same type of equation, with ellipticity
bounds unchanged and source p?F o Ty, whose L**!-norm is at most || F|| a+1. Let ns = sup |Vs| over
the parabolic boundary; s — 0 by the uniform continuity of V and V' = 0 there. Theorem 4.1 applied

to Vs — 15 gives Vs < 15 + CR# |F|| pa+1, and & | O yields
0<V < CRT||F|| pass.

The quadratic function
|v — vi|? + 2dA(1 — 1)

d’(r, v) = R2
is non-negative, at least one on the lateral boundary, and satisfies (9, + B : D?)y) < 0. Thus comparison
gives W < V + H1 on this cylinder. At (a,vy), ¢ < % Taking the supremum over «, v, and absorbing
yields

_d_ 1
H < CRT||F|lpavs + 5H,  H < CapallFllper.
This proves the whole-space bound without a time iteration.

The right side of (4.2), with S = 1 and ¢ = F, equals [ W (0,v)p(dv). Duality therefore gives the
density g; with || g;||L a1 < CM. Tts L' norm is at most M by contraction. Interpolation gives every
L<7v <.

For general S, we use (7,v) = (S7,v/S0) and push forward the initial measure, retaining its mass
M. Uniqueness identifies the rescaled parabolic kernels, and the time integral contributes a factor S.
Consequently

S a—d~ (T U S o2 4
B0 =577 (5 02) Il =% 4,

which proves (4.3). Finally, the killed interval kernel is dominated by the whole-line kernel with the
same coeflicient, so the same bound holds there. O

5. RECONSTRUCTION OF THE GREEN DENSITY

The two preceding sections control different parts of the same positive measure. The parabolic estimate
bounds its integral in position; Fourier decay bounds its height in position. Their combination gives
an L? bound in all variables. We first work away from the starting time, on T' < 7 < 27T, and then
integrate the resulting power of T' down to zero.
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Throughout this section, p has mass M and is prescribed at time 0. On each interval T < 7 < 2T, the

Green measure I';° has mass at most MT'. We retain 7o = d%:l and 3, = dQ—':Q — % from Proposition 4.2.

Lemma 5.1 (Fourier marginals on one elapsed-time interval). Let p be as in Theorem 2.4 and T > 0.
On T <1 < 2T, the (1,w)-marginal of Y has a density g, v with
(5.1) l9u, 7!l (T2m)x D) < Cy MT, 1<y< 7.

For € € R?, the complex measure ® v f{T<T<2T} e 2 d(T, w) dl'ye on (T,2T) x D has a density kﬁ’T,
and

||kZ,T||Lv((T,2T)xD) < C, M TP e (),
(5:2) exp(—cT|¢]?) in case (W),
rie) = {exp(cT(l +1¢13)) in case (I),
for 1 <y < 9. Consequently
! 1 in case (W),

5.3 kS ol A< CyMTH% x
Gx) gt [l amyy e < €, Lo

Proof. The (7, w)-marginal is the restriction to (T, 2T) of the parabolic occupation measure issued from
po(E) = p(E x R?). Proposition 4.2, with S = 27, gives (5.1).

For the Fourier marginal, we evolve first to elapsed time % and define the complex velocity measure
nS(E) = e 2 K6 (v, E) u(dvdz)
T DxRd 00,00+ S\ :

Proposition 3.1 gives ||77§HTV < CMer(§), after decreasing the rate c. We continue its positive total
variation |77§| by the parabolic kernel P, and let g be the resulting occupation density over elapsed
times (0, %) Composition of the Fourier kernels and their domination by P give, for bounded Borel ®,

. 2T T
/ e 2D (1, w) dryr| < / / |®(T,w)| g (7’ - ,w) dwdr.
{T<r<2T} T Jp 2

Thus the Fourier marginal has a density bounded in modulus by this translate of g. Proposition 4.2
gives (5.2). This uses the parabolic estimate only on a positive measure, not on a complex solution.

Finally, ¢ = T3¢ gives

[ emetag—cor ¥,
R4

which proves (5.3). Measurability of the integrand follows by expressing the L7 norm as a supremum
over a countable norming family of bounded test functions; each associated Fourier pairing is continuous
in &. O

The next lemma combines the marginal and Fourier bounds to construct the full density G. The input
densities g and k¢ are then its position integral and Fourier transform:

g= G(-, z)dz, kS = / e 2G (-, 2) dz.
Rd Rd

Lemma 5.2 (Reconstruction from the marginal and the Fourier bounds). Let Y be a Borel subset of a

Euclidean space with a o-finite Borel measure m, and let T' be a finite positive Borel measure on'Y x R¢

whose Y -marginal is g dm. Let 1 < q¢ <y < 00, define q1 by % + q% =1, and suppose that g € L™ (Y)

and that for every & € R? the Fourier marginal E fEde e~ 2dl has a density k¢ € LY (Y) with

respect to m, where
1

(27{-)d /Rdegnlﬂ(Y) df < 00.
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Then I" has a density G with respect to m @ Leb and
(5.4 I sy ey < HI gl on v -

Proof. We disintegrate I'(dy dz) = g(y)m,(dz)m(dy), where 7, has mass one for g dm-almost every y.
We choose the jointly measurable Fourier densities

K@) = o) / ey (dz),  H(y) = @ / K (y)] de.

Joint measurability follows from measurability in y and continuity in £. For each £ these representatives
agree almost everywhere with the densities in the hypothesis, so their norms and H are unchanged.
Minkowski’s inequality gives ||H||z+ < H, so the Fourier transform of g(y)m, is integrable for almost
every y. Fourier inversion gives this measure a non-negative density G(y,-) bounded by H(y), with
integral g(y). One may justify this version of inversion by convolution with a Gaussian: the inverse
transforms converge uniformly by dominated convergence, and the measures converge weakly. The
inverse integral also makes G jointly measurable. Hence

/G(y7 2)%dz < H(y)" 'g(y).

Integrating in y and applying Holder with q%l + q% = 1 proves (5.4). O

Proposition 5.3 (Density on one elapsed-time interval). Let u and T be as in Lemma 5.1 and
l<g<1+ é. Then I'}? has a density G, T on (T,2T) x D x R with respect to Lebesgue measure,
and

1 in case (W),

q q 1—2d(q—1)
(5-5) 1G 2o ((r2m) xDxiay < Ca MAT 8 {e—CT in case (I).

Proof. We choose q < v < 79 and define ¢q; by "7;1 + q% =1. Since v > ¢ > (d+ 1)(¢ — 1), both v and
q1 lie in [1,70]. We apply Lemma 5.2 to the marginal bounds (5.1) and (5.3). The resulting power of T
is

3d d+2 (g—1 1 d
—1 - =SS (I 2 ) —2d(g—1)— = =1—2d(g - 1).
(g )<5v 2)+6q1 5 ( 5 +q1> (a=1) -5 (¢—1)
In case (I), the exponential factor is raised to ¢ — 1; decreasing c gives (5.5). O

Proof of Theorem 2.4. The local densities from Proposition 5.3 agree on overlaps, giving a density G
for I'}® on positive elapsed times. We put §, =1 — 2d(qg — 1) > 0. We integrate the estimates over all
interval lengths: for every non-negative function F,

s 5 2T
1 dT
F(r)dr < /—/ F(r)dr.
/o D=tz )y TS T

Indeed, each 7 € (0,.5) is counted for § < T' < 7, whose logarithmic length is log 2. We apply this with
F(r) = [|G(r,w, 2)|?dwdz. In case (W), Proposition 5.3 gives

C, M1

q

S
IGS12, < Cyhe / rotar = YoM g,
0

which is (2.8). In case (I), the same argument over all positive times gives
o0
1G24, < CyM? / T=1e=T 4T < oo,
0

proving (2.9). Finally, the zero-frequency bound (3.2) gives

oo
[77((0,00) x J x R) < CM/O e dr < c0.
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Remark 5.4 (The Lorentz endpoint). In case (W), the Green density belongs to weak L4 at g, = 1+ 5.
To see this, we first take initial mass one and fix ¢, < ¢ <1+ é. The mass before elapsed time h is at
most h, while summing (5.5) over the intervals (27h, 29F1h) gives

/ / G?dwdzdr < Opt72da=D),
h
For a level a > 0, Chebyshev’s inequality on the two time ranges therefore gives
h
{G > a}| < — + Ca~2p!~2da=D),
a

Choosing h = a~2a bounds this by Ca~%. Linearity gives |G\l Lav e < CM for initial mass M.
Lorentz-space Holder duality then bounds the source potential by C|f||p2a+1,1. The comparison
argument of the next section gives the corresponding endpoint maximum principle for smooth A(¢,v).

6. FROM GREEN MEASURES TO MAXIMUM PRINCIPLES

A positive source produces a non-negative potential. Subtracting that potential from a sub-solution
leaves a function controlled by its boundary values; Holder’s inequality then turns a Green-density
bound into the Aleksandrov estimate. This section makes that comparison on the kinetic boundary,
where data are prescribed only on the initial, velocity and incoming position faces. We first reflect time
and position to use the terminal kernels constructed above.

We set s = —t, X = —z and U(s, X,v) = u(—s,—X,v), leaving the velocity unreflected. Given
Zy = (80, Xo,v0) € R x R x R and R > 0, the forward cylinder is

(6.1) Qr(Zy) = {(S,X,v) D so<s<so+R% |Juv—wvg| <R, |X—Xo—(s—s0)vp| < R3},

with relative variables V =v —vg and Y = X — Xy — (s — sop)vo, and its exit boundary is

(6.2) 0+ Qr(Zo) = Or(Zo) N ({s — s+ R U{V|=RU{[Y| =R, V.Y > 0}) .

For a matrix field A on the cylinder we write

(6.3) ICAUZ(?SU—&—U-VXU—FA:D?}U.

The reflection Z(t,z,v) = (—t,—x,v) preserves Lebesgue measure and maps Qp(FP) onto

Qr(—to, —x0,v0). It fixes V, reverses Y, and therefore carries 0yQp(FPy) onto 0T Qr(—to, —x0, vo).
With A(s,v) = A(—s,v), the chain rule gives

(6.4) KU = —(Lau) o Z.

For the autonomous class we use a(X,v) = a(—X,v). Both reflections preserve ellipticity, measurability
and the permitted coefficient dependence.

For the boundary passage, we take the inner cylinders Qs, 0 < § < %RQ, given in relative coordinates
by

1
20\ ?
(6.5) Qs ={so+d<s<sg+R>*—6, |V|<psR, |Y|<piR*}, ps= (1 - R2> )

They exhaust Q, with closures contained in Q. The affine retraction

(6.6) T5(s,Y,V) = (so+ 6+ p5(s — s0), p3Y, psV)

maps the closure and exit boundary of Q onto those of Qs and converges uniformly to the identity on
Q. The boundary assertion follows because V - Y is multiplied by the positive factor pj.

The maximum principle below carries data only on the exit boundary (6.2), which omits the initial
face and the part of the position faces where the relative transport points inwards. Its operator has no
second-order part in X, so no uniformly parabolic statement applies to it.
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Qr(Po) and its kinetic boundary dkQx (Fo)

0<V <R —R<V <0 velocity faces |V| =R
belong to the boundary;

the dots are the two slices
t +—e—+—<—3 V
-R 0 R
T T

to — R?
—R? Y R3 —-R? Y R?
initial face and initial face and

to

incoming side Y = —R? incoming side Y = R?
l (s, X,v) = (—t,—z,v): Y = —Y, velocity unchanged

reflected cylinder Qr(—to, —x0,v0) and its exit boundary 0T Or

, 0<V <R -R<V <O
so+ R* 8
50
—R3 Y R3 —R? Y R3
terminal face and terminal face and
exit side Y = R exit side Y = —R?

FIGURE 1. The kinetic boundary (1.3), in one-dimensional slices at fixed relative velocity
V = v —wp and in the relative coordinates (Y,t), Y = z — xo — (t — to)vo, where the cylinder is
a rectangle and transport follows % = V. The incoming position face changes with the sign
of V| not of v. The highlighted initial, velocity and incoming faces form the kinetic boundary,
where boundary control is required; filled corners belong to it, while the relative interiors of
the top face and of the outgoing side do not. Under (¢,z,v) — (—t, —z,v), see (6.4), these
become the terminal, velocity and outgoing faces of 8" Qg in (6.2). The non-strict inequalities

also include grazing points: at V' = 0 both position faces belong to the boundary.

Lemma 6.1 (Kinetic comparison principle). Let Q = Qgr(Zo) and let A : Q — Symy be positive
semidefinite at every point. If Z € C(Q) N CH12(Q) satisfies KaZ > 0 at every point of Q at which
Z >0, then

(6.7) sup Z < sup Z4 .
Q otQ

Proof. We set Z. = Z +¢e(s — sg — R?). Then Z. < Z and KaZ. > & wherever Z. > 0. In relative
coordinates the operator is 95 +V - Vy + A : D%..

We suppose that a positive maximum of Z. on Qj occurs outside its exit boundary. The velocity is
interior, so D%,Zs <0Oand A: D%,ZE < 0. The time is either interior or at the initial face; in the latter
case its right derivative is non-positive. Hence 0sZ. < 0. Finally, either the position is interior, or it lies
on |Y| = piR? with V -Y < 0. In the second case Y + hV lies inside the ball for small h > 0, so the
one-sided derivative gives V - Vy Z. < 0; in the first this term is zero. Thus K4Z. < 0, a contradiction.

It follows that supg-Z. < supy+q,(Z:)+. We use (6.6) and continuity to send ¢ | 0, then use
Z < Z.+¢eR?andsend € | 0. O

The comparison uses only pointwise positive semidefiniteness of A. The following proposition adds a
source potential with a uniform density bound, as constructed in Sections 7 and 8.
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Proposition 6.2 (From a Green density to the Aleksandrov estimate). Let Q = Qr(Zy), let A be
smooth on a neighbourhood of Q with \; < A< Al let1 < q< 00, p= q_il, and K > 0. Suppose
that to every P € Q is associated a positive Borel measure I'p on Q such that:

i) for every 0 < g € C®(Q), the function W,(P) = [, gdL'p belongs to C11-2(Q), is non-negative,
c Y Q
and satisfies KaWy = —g in Q;
(ii) T'p has a density Gp with ||Gp||L«g) < K for every P € Q.

Let U € C(Q) N CHY2(Q) and let g > 0 be a Borel function with go € LP(Q) and K4U > —go almost
everywhere in Q. Then

(6.8) supU < sup Uy + Kllgolw>oyllzr (o) -
e} otQ
Proof. The defect g = (—KaU)4+ is continuous, satisfies ¢ < gy almost everywhere, and makes

KaU + g > 0 pointwise. We fix £ > 0 and choose 0 < § < 1 smooth, with § = 0 below % and 6 =1
above €. Then

0<0(U)g < golyu>oy almost everywhere.
We choose d; | 0. On each inner cylinder Q; = Q;, choose 0 < g; € C2°(Q) majorising 6(U)g on 9,
with
1
l9lle < llgoLirr>opller + =

Such majorants are obtained using a cutoff between zero and one on a neighbourhood of jj, mollifying,
and adding its vanishing uniform approximation error times a fixed cut-off equal to one there.

We set W;(P) = [ g;dl'p. Wherever U — W, — ¢ > 0, non-negativity of W; gives U > ¢, hence g; > g
and Ka(U —W; —e) = KaU + g; > 0. Lemma 6.1 and Holder’s inequality yield, for P € Q;,

1
U(P) < sup Uy +K <901{U>O}||LP + > +e.
0+9Q; J

The retractions (6.6) and continuity pass the boundary term to 97 Q. We let j — oo and then g | 0. [

Remark 6.3 (Viscosity subsolutions for smooth coefficients). For smooth A and continuous gy > 0,
Proposition 6.2 also holds for continuous viscosity subsolutions of —/C U < gg, without classical
derivatives. Consequently Theorems 1.1 and 1.2, including Corollary 1.3, hold for smooth coefficients,
after reflection, for continuous viscosity subsolutions with continuous source and with the same constants.

Only comparison needs checking. In the relative coordinates of Lemma 6.1, put s; = s¢ + R? and
M = supy+g Z4. If supZ > M, choose € > 0 so that Z. = Z + (s — s1) retains a positive excess at
some point, and maximise

) )
s—sg RS—|Y]2
For small § the maximum retains a fixed positive excess and lies in the interior. Since Z > Z. > 0
there, the smooth upper test gives

Z.— M —

4] n 20V-Y
(s —s0)? (RO —|Y]2)*

As 6 | 0, a limit of these maximisers cannot lie on the exit boundary, by continuity and the fixed
positive excess. If its position is interior, the positive part of the spatial term tends to zero; if it lies on
a position face, that face is incoming, so V' - Y < 0. Both cases contradict the display. We let ¢ | 0
to obtain comparison. The preceding proof now applies with smooth majorants of 8(U)go in place of
OU)(=KaU)+.

e< —
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This argument does not establish a viscosity extension for Borel coefficients. The approximation below
uses the locally bounded classical velocity Hessian and cannot simply be transferred to that solution
class.

Our Green measures are constructed for smooth coefficients. The following lemma passes their uniform
Aleksandrov estimates to Borel coefficients by approximation on compact inner cylinders, keeping the
solution fixed.

Lemma 6.4 (From smooth to Borel coefficients). Let 1 < p < oo and « € R, and let C be one of the
two coefficient classes

(a) Borel maps A : R x RY — Sym, with Mz < A(t,v) < Aly almost everywhere, regarded as
coefficients of L ;
(b) d =1 and Borel maps a : R x R — [\, A], regarded as coefficients of L.

We write L for the operator L4, respectively L,, with the coefficient under consideration. Suppose that
for every smooth member of C satisfying its bounds everywhere, every Py € R'*2% and R > 0, and every

u € C(Qr(Py)) NCH12(QR(Py)) and Borel f with Lu < f almost everywhere and f+ € LP, one has

(6.9) sup u < sup  uy + CoR%|[fill gy py)

Qpn(Po) 9 Qx (Po)
with Cy independent of the coefficient. Then (6.9) holds, with the same Cy, for every member of C and
every such u. The same implication holds when ||f+||Lp(QE(PO)) is replaced by ||f+1{u>0}\|Lp(Q§(PO)) in
hypothesis and conclusion.

Proof. In case (a), we redefine A = AI; on the null set where ellipticity fails. We mollify the coefficient
in (¢,v) in case (a), and in (z,v) in case (b), obtaining smooth coefficients C; in the same class, with
the same ellipticity bounds and C; — C almost everywhere. Tonelli’s theorem lifts this convergence to
phase space. We keep u fixed and put

¢;=(C; — C): Diul.

Then Lc,u < f + e; almost everywhere and e; < 2v/d A|D?ul, with d = 1 in case (b). We take Qs to
be the reflection of (6.5); it is a kinetic cylinder of radius ps R with closure inside Q5 (FPp). For fixed 4,
the classical Hessian is bounded there, so dominated convergence gives ||¢;||z»(g,) — 0. We apply (6.9)
on (s and first let j — oo, using (f +e;)4+ < f+ + e;. This gives

supu < sup wy + Colps )| f+ o).

Qs 0k Qs
We now let § | 0. The reflected retractions (6.6) carry the original kinetic boundary onto 9;Qs and
converge uniformly to the identity. Continuity of u therefore passes the boundary supremum to the
limit; exhaustion passes the left-hand side and source norm, and psR — R. No uniform Hessian bound
as 0 | 0 is needed. For the localised form, use (f + €;)41u>0y < f+1fus0} + €; on each inner cylinder
and take the same two limits. O

7. COEFFICIENTS DEPENDING ON TIME AND VELOCITY

Here the coefficient is independent of position on the whole space. Reflection gives the operator (W),
with z = X, B(s,v) = A(—s,v) and b(v) = v. The Green-density estimate therefore applies directly:
Hoélder’s inequality bounds the source potential, and comparison gives the maximum principle. The
second part of this section uses the same Fourier decay to obtain local smoothness in position and then
Holder continuity.
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Proof of Theorem 1.1. For smooth A, reflection (6.4) gives U(s, X, v) = u(—s, —X,v) with K3U > —go,
where go(s, X,v) = f1(—s,—X,v). It preserves the source norm and maps the kinetic boundary onto
the exit boundary of Q@ = Qg (—to, —z0, Vo).

For P € Q, we denote by I'p the whole-space Green measure from P, restricted to @ and written in
absolute time. Lemma 2.3 supplies the potential identity in Proposition 6.2. With ¢ = 1% <1+ Tld
and remaining time Sp < R?, Theorem 2.4(i) gives

1-2d(g—1) 4di2

IGpllLae) < CaprngSp " < CarnpR*™ 7

Proposition 6.2 and reflection now prove (1.6), including its localised-source form. The constants are
independent of coefficient derivatives, so Lemma 6.4 gives the Borel case. O

7.1. Local spatial smoothing and a direct Hélder estimate. For A(t,v), the Fourier estimate
also gives local spatial smoothing. The point is to retain lateral velocity data: a killed terminal kernel
alone does not represent a solution on a local cylinder. We first include those data, then estimate how
much can arrive through the velocity boundary in a short time.

Proposition 7.1 (Local regularity for A(t,v)). Let A satisfy (1.4) and let v € C(QR(Fo)) N
CH12(QRr(Ry)) satisfy Lau = 0 almost everywhere. Then u is smooth in x in the interior and, for
every integer m > 1,

3m m
R°™|| D3 u||L(x,(Qg7R(P0)) <Cp 0SC— () U-
4

There are C > 0 and « € (0,1), depending only on d, \, A, such that, for P = (t,x,v) and P’ = (s,y,w)
n Qé (PO);

1 1\ ¢
/ [t =52 +v—wl+]z—y— (= sl
|u(P) —u(P")| < Coscq (p,) U ( R .

Here C,, depends only on d, X\, A, m.

Proof. We first suppose that A is smooth and work with the reflected operator K4 = ds+v-Vx +A(s,v) :
D2. For a starting point (s, X,v) in the image of Q55 (P,) under reflection, put D = Br(vy) and
4

T=s+ %RQ. This terminal time is still inside the reflected outer cylinder; the spatial containment is
checked below.

The local representation. Proposition 2.1 gives the kernel K killed at D. For a source F, we write
WPE for the Duhamel potential obtained from this kernel. It also defines the solution with prescribed
terminal and lateral data: for a smooth compactly supported extension ¢ of those data, set

E¢p =+ WP, 4

Here signed potentials are defined by subtracting the potentials of the positive and negative parts.
We use the bounded-source distributional identity proved in Appendix A; it gives K4E¢ = 0, and
Theorem A.1 gives interior smoothness. The quadratic barrier gives

R2 — |U — 00‘2
2d\

[WE(r, X,v)| < ||F|O<>min{T—r7 ;
indeed K4(R? — |v — vo|?) = —2tr A < —2d)\. Approximation extends this bound from compactly
supported smooth sources to bounded sources. Thus E¢ has the prescribed traces. Bounded comparison,
using the growth barrier of Appendix A, shows that it depends only on those traces and is a positive
contraction. Smooth ambient traces are uniformly dense in continuous compactly supported boundary
data: extend such data continuously with compact support and mollify. Uniform limits of their solutions
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remain distributionally homogeneous, hence smooth inside. Riesz representation therefore gives a
positive boundary measure w? on

| ({T} xR? x D) U ([s, T] x R x 9D).

We write its position variable as y = X’ — X — (r — s)vp; translation invariance removes the starting
position X.

For a unit vector e, we put %4 = +e-y — R(r — s). Then K3y < 0. If non-negative boundary data
g < 1 have compact support where 54 > 0, choose a smooth increasing x with x(0) = 0 and x(s4) > ¢
on the boundary. This is a supersolution, so bounded comparison gives Eg < x(3¢4) and Eg(s, X,v) = 0.
The growth barrier justifies comparison on the unbounded position domain exactly as in Lemma 3.4.
Inner regularity, the same argument for s»_, and a countable dense set of directions give

1
ly] < R(r —s) < §R3 on the support of wfv.

It gives the same support for the killed kernels. We choose n € C2°(R%) equal to one on a neighbourhood
of {ly| < R(T — )} and use ¢(r, X', w) = (X' — X — (r — s)vg), with time and velocity cutoffs equal
to one near the closed strip. Then KC4¢ = 0 on the killed Green support, so

1 =Eg¢(s, X,v) :/¢>dw£v :/1dw£v.

Thus the boundary measure has mass one. Bounded classical homogeneous solutions are represented
by this measure: cut off their boundary values outside the cone and use comparison. There is no
initial-velocity-face mass for an interior starting velocity, as also follows from the short-time estimate
below.

Decay before the boundary is reached. For v € B% (vg) and 0 < h < %RQ, we fix t = s + h and write
q(r,v') =1—=PP, (v',D). At (r,v') = (h,v) this is the mass lost at the velocity boundary between s
and s 4+ h. We claim

cR

1
q(h,v) < Ce~ h27 0<h< ng.

We scale to R = 1. The parabolic equation for q is 9,q — A(t —r,v') : D2,q = 0, with initial value zero

and lateral value one. We set § = 4%/3. The supersolution

d
U(r,0') = Z exp(ae(v) — vj) — ad + Aa’r)
j=1e==%1

2
dominates the lateral data, since [v'—v| > % on 0D. With a = 53+, comparison gives g(h,v) < 2deTxE .
Scaling proves the claim.

The positive difference between the full and killed kernels has mass at most ¢(h,v). Proposition 3.1
therefore gives

K cR? 2
IR, (0, )y < Ce= 4 emerlel?),

Here the hat denotes Fourier transformation in position, leaving a measure in terminal velocity. To
split the exit measure, write E” g for the boundary solution with terminal time T, and let §), be the
lateral part of the boundary measure on the shorter strip ending at s + h, including its terminal corner.
Its terminal interior part is K fs 4" test against smooth data supported inside D and use uniqueness.
The short-strip measure has mass one, so 35 has mass q(h,v). Restricting E7 g to that shorter strip
and using uniqueness gives

ET9(87X7U) = /gch

+/ETg(s+h,X’,w)K£S+h((v,X), dwdX’).
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This proves the required decomposition for continuous data, and then for bounded Borel data by a
monotone class argument. The later boundary operator is a positive contraction. Fourier transformation
preserves composition because the coefficients do not depend on position; centring by (r — s)vg changes
only a phase of modulus one. Consequently
cR2 2 : 1
628 ey < O (e 4 emHel) < cemeID?

1

For the last inequality we take h = $R[¢|™% when R3|¢| > 1, and use the mass bound otherwise. The
measure on the left retains both exit time and velocity.

Spatial derivatives and parabolic regularity. The preceding bound is integrable in & after multiplication
by any power of |£]. The compact y-support also makes £ — (f}ff continuous in total variation. Fourier
inversion therefore defines a density wfv(y, -) in y, taking values in measures of exit time and velocity.

Differentiation under the integral gives
Sup”DzT/nwgv(y’ My < CmRig(der)’ /HD;”CUSU(% v dy < CmRigm-
Yy

The second estimate uses the support volume C'R3*?. From any point in the reflected Q55 (Pp),
4

the representation stays in the reflected Q5 (Fp): the time and position bounds are respectively
(3% + 5)R? < R? and (2—1 + £)R? < R3. To justify using a solution defined only on that cylinder,
multiply it by a smooth position cutoff x(s, X) equal to one on a neighbourhood of the reached cone
and supported inside the outer position face. Its defect is (9sx + v - Vxx)U, which is bounded and
supported outside the cone, so its Green integral is zero. The boundary representation therefore remains
valid at the starting point. We differentiate its convolution against the boundary data, subtract a
constant, and use the last estimate. Reflection gives the asserted spatial derivative bounds.

For Holder continuity, use (¢, z,v) = (to+ R%7, 0+ R?>7vo+ R3X, vo+ RV) and normalise the oscillation.
The transformed coefficient still depends only on time and velocity and has the same ellipticity bounds.
We relabel the variables, so Py =0, R =1 and |V, u| < C in Q3 (0). For each fixed x € By,

4

O — A(t,v) : D>u= —v-Vyu in (36’0> X Bs,

with bounded right-hand side. The parabolic Krylov—Safonov estimate [17, Lemma 4.3] gives Holder
continuity in (¢,v) on (f%, 0) x B 1. For the bounded right-hand side this follows from Theorem 3.5 by
oscillation decay: on each cylinder @,., compare with the homogeneous solution with the same boundary
values, which differs by at most M2 when M bounds the right-hand side, so 0scq, ,, u < Hoscq, ut+4M r2
with # < 1, and iterate. Combining it with the spatial Lipschitz bound gives the stated estimate.

Measurable coefficients. We work first on compact interior cylinders and mollify A in (¢,v), obtaining
Aj. In reflected coordinates we choose a smooth compactly supported cutoff x equal to one on the
cylinder where the estimates will be applied. We put

F; = xKa,U=x(A; —A): D?U  almost everywhere, Uj=U+ Wkg,,

where W, = W(g,), — W(g,;)_ is the whole-space Duhamel potential for A;, with a fixed terminal time
beyond supp x. On this compact set D2U is bounded. We apply Theorem 2.4(i) at the Green-density
exponent q = %—If and Holder’s inequality at the conjugate source exponent 2d + 2. On the finite time
interval in question this gives

||WFJ. ||OO < CHFjHLzqu — 0.

The distributional Duhamel identity, proved in Appendix A also for bounded sources, gives Ka,U; =0
where x = 1. Hormander’s theorem makes U; smooth there.

We apply the smooth-coefficient bounds to U; and pass to the locally uniform limit U. All spatial
finite-difference bounds pass to the limit. On each fixed (s, v) slice, compactness of the derivatives
on smaller position balls, using the bound of the next order, gives spatial smoothness and the same
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estimates. The Holder bound passes directly. Finally, we exhaust the original cylinder, first keeping
the top time below to and then letting it increase to ty. The fixed interior margins keep all constants
uniform. O

8. AUTONOMOUS COEFFICIENTS IN ONE SPACE DIMENSION

The coefficient now depends on position, so Fourier transformation in position no longer separates the
frequencies. On a velocity interval of one sign, however, position moves monotonically and can serve as
time. Autonomy makes the transformed equation independent of the old time, allowing us to apply the
Fourier argument in that variable.

The remaining difficulty is to combine these estimates near zero velocity, where the intervals must
become small. A single evolution may leave and return to the same interval many times. We first
count these visits with velocity barriers, obtaining the preliminary Aleksandrov estimate at p = 6. Its
regularity consequences give a kinetic Harnack comparison, which improves the count and yields p > 4.
We then retain the position of each visit. A homogeneous Bellman barrier supplies the additional
concentration bound needed for every p > p*(%)

Classical parabolic Harnack is used for the Fourier minorant after changing the clock; the kinetic
comparison controls returns in the original variables.

Throughout this section d = 1 and a € C*(R?) satisfies A < a < A everywhere; the passage to a
Borel coeflicient is made at the very end, by Lemma 6.4. By the reflection convention of Section 6, the
forward coefficient is (X, v) — a(—X,v), which is again smooth, independent of s, and [\, A]-valued;
we write a for it as well, so that the operator (6.3) reads

KoU = 0,U + vdxU + a(X,v)0y,U .

Its coefficient depends on the transported variable X, so K, is not an operator of the form (2.3) and
Theorem 2.4 does not apply to it directly.

We work on velocity strips unbounded in position, so that no position boundary interrupts the change of
time variable. The Green measure records the evolution inside a strip, and the exit measure records the
data needed when it reaches the strip boundary. Composing these measures will account for repeated
returns to smaller velocity intervals.

For a bounded open interval H and —oco < s_ < sy < oo let Sy = (s_,s4) x Rx x H be the
corresponding velocity strip. Its exit boundary consists of the terminal face and of the two velocity
faces:

(81) 0"y = ({s+} xRx H) U ((s—,s4) x R x 9H) (the first set is empty when s, = o0).

The Green and exit measures of I, on such a strip, and the properties of them used below, are the
following.

Proposition 8.1 (Green and exit measures on a velocity strip). Let H be a bounded open interval,
—00 < §_ < $4 <00, and S = Sy. For every e = (S, Xe, ve) with s_ < s, < 54, Xc €ER andv. € H
there are a positive Borel measure T'H on .7 and a positive Borel measure wf on 07.7, both supported
in {s > s.}, depending Borel measurably on e, and depending on s_ only through the requirement
s_ < s, with the following properties.

(i) For every ¢ € CL12(RxRx H)NC(R xR x H) such that ¢ and K,¢ are bounded on Rx R x H,

(8.2) b(e) = pdwl — /y KopdlH .

ot
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(ii) wH(01.7) =1 and, writing H = (h_, hy),

(8.3) (7)< min{sJr — Se, (ve h72)f\h+ ~ V) } )

(iii) Both measures are supported in {|X — X.| < V(s — s¢)}, where Vg = supy|v|. If v has a
fized sign ¢ € {—1,1} on H and vy = infy|v|, both measures are supported in {vg(s— s.) <
(X — Xe) < Vu(s—se)}

(iv) TH increases when s, increases and, after extension by zero, when H is enlarged. For a finite
positive Borel measure v on ¥ put TH = [TH dv(e) and w = [wH dv(e); then (8.2) holds
with ¢(e) replaced by [ ¢dv.

(v) Let Hy C Hy be bounded open intervals with the same s— < s4, let ¥ = (s, s+ ) xRx (0H1NH>),
and for a finite positive Borel measure v on Sy, let Tv = wfl |ss. Then

(8.4) D)2 =T + 17 W = W)l o1z, + Wi

TV TV

where T'H1 s extended by zero. The same identities hold when H; is a finite disjoint union of
open intervals contained in Ho, the measures Tt w1 being defined component by component.

(vi) For every 0 < F € C(), the function e — [, F dUH is non-negative and smooth in .7,
satisfies KCq deF,H = —F in ., and extends continuously by zero to 9T.7.

For s, = oo, we take the increasing limit of T . The quadratic bound in (8.3), items (iii) and (iv), and
the Green identity for tests vanishing for large s remain valid.

The proof is given in Appendix A; since ' and w! do not depend on s_, the initial time of the
strip is not displayed in the notation. The second bound in (8.3) is used below in Lemma 8.6 and
Proposition 8.9.

8.1. Position as the time variable on a velocity interval of one sign. In physical time, the
velocity marginal depends on the starting position and does not satisfy a closed parabolic equation:
integrating out position leaves the position-dependent coefficient a(X,v). We obtain a parabolic
marginal only after changing the clock. The change is easiest to see on a bounded interval of positive
velocities separated from zero. Dividing by v gives

a(X,’U)a '

1 1
—Kog=0x +—-0s +
v v

We prescribe terminal data depending only on velocity at a fixed position, and zero data at the velocity
endpoints. Since the coefficient and these data are independent of s, so is the solution. Its equation is

therefore
a(X,v)

oxV + Opy V = 0.

After reversing the X direction, this is an ordinary uniformly parabolic equation. Thus the parabolic
Harnack inequality in Lemma 3.6 acts here in position and velocity. The marginal integrates out the
transported old time. In the centred coordinates below, that variable becomes z, an affine function
of s at each fixed new time o. The lemma treats both signs of velocity and normalises the coefficient
bounds uniformly over the intervals we use.

We fix a non-zero reference velocity v. We use three nested intervals: the estimate is wanted on the
smallest one, visits begin at the middle one, and the equation is solved with zero values at the boundary
of the largest one. Their separation leaves room for diffusion before a visit ends at the outer boundary.
In the new coordinates below, o is rescaled position, used as the new time, and z measures displacement
from transport at velocity ©. Figure 2 shows the change of variables for one visit.

Lemma 8.2 (Position as time). Let © # 0 and 0 < r < 2[v], and put
85 L=oer[ bl T=vee(-hl) Feeee3l r=(d

[

).
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slope Vi«

- slope ©
. »
visit ends -

Xe
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slope v~ R S
X = X. +9r?c X = X fixed,
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s=s8.+1r%0c— —=z s varies with z
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q

(c) I*: a visit ends on leaving I*
I: a visit begins on reaching I
N Ic: the density is estimated here

>y =

T

[
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FIGURE 2. Position as time (Lemma 8.2). (a) A visit to I" C (0,00) in the (s, X) plane.
While v € I, vr+ (s — se) < X — X < Vi=(s — s.). Position increases throughout the visit,
so each position level reached before exit is crossed exactly once. (b) The same visit in the
coordinates (8.6). The level X = X becomes the slice o = 0o; by (8.11), position is fixed
along it while the old time s = s, + rloo — ?z varies. The autonomous coefficient therefore
does not depend on z, see (8.9), and K. is translation invariant in z. (c) The intervals (8.5)

in the normalised velocity y = ”:f’, and their roles.

Every v € I* has the sign of v and satisfies £|v] < |[v] < 3|v]. Let e = (s¢, Xe,ve) with v, € I*, and
define

X-X X —-—X.—v(s—s v—
(86) X6(57X7U)2(0?57y)a 02767 = : 7"3 ( e)a Y= r .
Then x. is a diffeomorphism of R x R x I* onto R x R x J* with
(8.7) dsdX dv =r®dodzdy,
and for every smooth h on R x R x J*,
v
(88) K:a(h o Xe) = ’l_|)|7|‘2 (Iceh) O Xe, Ke = ao' + Be(0'7 y)ayy + be(y)az 3
where
9] a(Xe + vr20,0 + 1Y) o]y
8.9 B.(o,y) = - , be(y) = ——— <1.
(8.9) (0,9) 5Tl ) %t ] Jor ly|

The functions B, and be extend to smooth functions on R x R and on R with

(8.10) 3N < B. <3A, <b <9,

9
25

so that (J*,be, Be) is of type (I) with structural constants depending only on A\ and A. Here the
normalised velocity y plays the role of v in Section 2.

Proof. The inverse change of variables is

3
(8.11) X = X, + or?o, $= 8. +1r’c— sz, v=70+TY.
v
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Its Jacobian has absolute value r. Since r < 2|v|, the velocity © + ry has the sign of ¥ for |y| < 2, and
the asserted velocity bounds hold on I*. The chain rule gives

v v —U a
Ka(h o Xe) = m(aoh) 0 Xe+ T(azh) 0 Xe+ ﬁ(ayyh) O Xe-
Factoring out T‘JTJQ gives (8.8). The crucial point is visible in (8.11): X depends only on o, whereas s
also depends on z. Autonomy therefore makes B, independent of z.

On |y| <1, ,
%AgBeg?)A, b;(y):(ﬂfwe [295,9}
We choose 0 < § € C2°((—1,1)), equal to one on [—3, 3]. The extensions
0B, +(1—0)), yF_>/° Q) +1-0(Q))d¢
agree with the original coefficients on J*, since b.(0) = 0, and preserve (8.10) by convexity. O

Proposition 8.3 (The Green measure after the change of variables). In the setting of Lemma 8.2,
let T, be the Green measure of Koy on P« = (8e,00) X R X I* from e, given by Proposition 8.1 with
S5_ = Se and sy = oo, and let fe be the Green measure (2.6) of K. on R, x J* x R, for the point
mass at (y,z) = (”‘f*’_’ 0) prescribed at time o = 0, up to elapsed time oo, regarded as a measure on
(0,00), X R, x Jyi. Then T, is concentrated on {sgn(v)(X — X.) > 0} and

(8.12) (xe)# (0| Te) = |o] 72T, .

Consequently T'c has a density G with respect to dsdX dv, and for 1 < g < %,
6_

(813) ||Ge||L‘I((sﬁ,oo)><]R><I*) < C/\,Aﬂqu *

Proof. The cone bound of Proposition 8.1 gives sgn(v)(X — X.) > 3|v|(s — s.) on the support of I'..
Thus . carries it into {o > 0}.

We take 0 < F' € C2°((0,00) x R x J*), vanishing for 0 > o1. We write h for its Duhamel potential
for .. By Lemma 2.3, h is smooth, non-negative, solves K.h = —F, vanishes for ¢ > o1, and has
zero velocity-boundary values. It is bounded uniformly over all starting points by Theorem 2.4(ii) and
Holder’s inequality, using any fixed exponent in (1, %)

We put ¢ = h o x.. It belongs to the test class of Proposition 8.1, and

We apply the Green identity on the strip with terminal time s, > s, + 2r20;, and denote its Green

measure by I'c ;. Its velocity interval is I*. The exit term is zero: ¢ vanishes on the velocity faces,
Ve—v

and on the support of the terminal exit measure the cone gives 0 > o;1. Hence, with y, = <=,

a¢__

Foxe

|17|r2/Fd1~“6 = |8]72h(0,0, y.) :/|v|(Foxe)dFe7S+.

We let sy T co. Both limiting measures are finite by (8.3) and Theorem 2.4(ii); equality against all
such F therefore proves (8.12).

If G, is the density of Fe, the pushforward identity and the Jacobian (8.7) give

Go= 0 Goxe [l <2t [1Gn

[l
Theorem 2.4(ii) now gives (8.13). O
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The estimate for one starting point does not distinguish visits beginning at different times. The next
corollary keeps track of these times. The quadratic velocity barrier makes the mass remaining in I*
decay exponentially on the time scale 2. Thus visits beginning far apart in time contribute little to the
same part of the Green density.

Corollary 8.4 (Starting at different times). In the setting of Lemma 8.2, let v be a finite positive
Borel measure supported in R x R x I*, and let T, = [T.dv(e), where I'c is as in Proposition 8.3. We
put m; = v((jr?, (j + 1)r*] x R x I*). Then T, has a density G, and for 1 < q < %,

(8.14) IGuIIEe < Crngr®* ) mi.
JEZL
In particular,

(8.15) 1G9, < Cang 0 %0 (RY) sggy((f,f Fr2 xR x 1)

The norm is over R x R x I*.

Proof. By Proposition 8.1 and monotone convergence in the terminal time, e — I'.(F) is Borel
for every Borel set E. Integrating (8.13) against v and using duality first gives a density with

IGullLe < CT%_4V(R3). We improve this bound by separating the starting times.

We denote by M,(t) the mass of the kernel killed at I* at time s. +¢, issued from e. It is non-increasing
in ¢, and the quadratic bound (8.3) gives [~ M.(t)dt < Cr?. Thus M,(2Cr?) < 3 uniformly over all
starting points. Composition of the killed kernels gives M, (t) < Cexp(fcr%).

We write p ¢ for the remaining terminal measure, placed on the time slice s = s + ¢; its mass is M,(¢).
Integrating the kernel composition identity in the later time gives

1{323e+t}re = /Fe/ d,u'e,t(e/) .

We apply (8.13) to each starting point e’ and integrate against . ; to obtain

t 6_
11 e er iy Gellza < Cexp (—C,,?> vy

The velocity at the restarted point may lie anywhere in I*, which is why Proposition 8.3 was stated on
that whole interval.

We partition time into J; = (jr2, (j + 1)r?], j € Z, and put m; = v(J; x R x I*). On J;, only starting
points in J; with j < ¢ contribute; those from much earlier intervals have exponentially small remaining
mass. The preceding bound therefore gives

||1J,;><R><I*G1/HL‘1 < CT‘%_4 Z 676(i7j71)+mj .
i<i

The time intervals are disjoint and the geometric sequence is summable. Young’s inequality for sequences
therefore gives

1G9, < Cré=4 ng < C’r6_4q(sup m;)?ty(R?),
4 j
j

which proves (8.15). O
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8.2. The Green measure of the velocity strip. We fix Zy = (sp, Xo,v0) and R > 0, and write
Q = Qg(Zy) for the forward cylinder (6.1), Jg = (vo — R, vo + R) for its velocity interval, and . = .7,
for the strip with s_ = sg and s, = so + R?, so that Q C .. We retain the domain superscript in I‘éQ
and w}J,Q. We use P € Q for a starting point of these two measures, and e for a starting point of the
all-time measures of Proposition 8.3.

At every time the killed kernel has mass at most one. Its Green measure therefore satisfies I‘IJ;Q (J xR x
Jg) < |J| for every time interval J. We will use this bound to count visits beginning during a short
interval, as well as over the whole time interval.

We also need to control how much time is spent in a narrow velocity interval. A convex function whose
second derivative is concentrated on that interval gives the following bound. In particular, the Green
measure cannot put mass on the slice v = 0, where position cannot serve as time.

Lemma 8.5 (Velocity occupation of the strip measure). For every P € Q and every bounded interval
E CR,

2R
(8.16) r72(sn{veE}) < B
In particular FIJDQ({U =w1}) =0 for every vy € R.

Proof. For |E| > 0, we choose 0 < x € C°(R) with x > 1g and [ x < 2|E|. The smooth function
D(v) = [ v —¢|x(¢) A satisfies @ = 2y and [|®'||oo < 2|E|. Both ® and K,® = 2ay are bounded on
the strip, so Proposition 8.1(i) gives

AP/ (7 N {v e E}) < /2axdFIJ3Q = /(<I>(v) — ®(vp)) dwi? < 4R|E|,

since the exit measure has mass one and its velocities lie in the interval Jg of length 2R. This
proves (8.16); shrinking E to a point gives the final assertion. O

The starting velocity may be outside I, and mass may leave and return repeatedly. We alternate
evolution inside I* with evolution outside I. The measure below records where and when each visit to I
begins, including the initial point if it already lies in 1. A new visit is counted only after the mass has
left I* and returned to I. The gap between the two boundaries prevents an exit from being counted
immediately as a return. Figure 3 illustrates the decomposition.

Lemma 8.6 (Counting visits to a velocity interval). Let P € Q and let I. C I C I* be as in Lemma 8.2
with I, N Jo # 0. We put Hy =I* N Jg and Hy = Jg \ I, and let

Sin = (50,50 + R?) x R x (9 N Jg), Yout = (50,80 + R?) x R x (OI* N Jg) .

For an empty strip, the integrated Green and exit measures below are understood to be zero. We define
finite positive measures vy, B (k> 1) by

(8.17) = {fi%ﬂzm Z;]:T;s]é Br = Wi Soes Vet+1 = ng Shn -
Then 1 = Y 51 Yk, which counts all visits, is a finite measure on {v € T} with
(8.18) Y1() < Cxa (1 + g) :

For every time interval J of length v it also satisfies

(8.19) (I xR x Jg) <Chp.

Moreover,

J
(8'20) I‘PQ|{v€Ic} < le{velc} )
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(a) — active: from reaching I to leaving I* — waiting evisit begins x visit ends

first arrival: Jy starts re-crossing d1: no new visit

v=20
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mass of visits beginning in J;
(Monte Carlo, 40 000 paths from I);
1 mg includes the initial visit;
a1 >-;m; ~ 8.6 > 1 over 30 bins
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FIGURE 3. Counting visits (Lemmas 8.6 and 8.8), with & = 2r. (a) One velocity path, drawn
with a slower diffusion for legibility. A visit begins when the velocity reaches I and ends
when it leaves I'*; re-crossing 01 during a visit does not begin another. The time bins Jj,
of length 72, are counted from the first arrival in 1. (b) The mass m; of visits beginning
in J;, estimated from 40000 paths started in I, for one rough autonomous coefficient. The
orange reference curve has C' chosen to bound the plotted Monte Carlo estimates. The masses
count repeated visits, so their sum exceeds one. The bound m; < C(1 —|—j)7% uses the kinetic
Harnack comparison of Lemma 8.7, which rests on the preliminary p = 6 estimate; this
time-only count gives Proposition 8.9, hence p > 4.

where L'y, is the measure of Corollary 8.4. Consequently F ?fver.y has a density Gp 1 with

6_ R\% 3
(8.21) ||GP,IHLq(y)SC)\1A’q’r’I 4(14-7) , 1<q<§‘

Proof. The internal boundaries of H; and Hj in Jg are respectively Yy and Xj,. The measures
are supported in Hy, and 8 in Hs. We apply Proposition 8.1(v) alternately with inner domain H; or
H; and outer domain Jg; the two inner domains need not be nested in each other.

If vp ¢ I, put po = I‘éH; and wy = wgf |ot.s; otherwise put both equal to zero. Applying the nested
identity alternately on H; and Hj gives

(8.22) T2 = o + Z A N R
N
J
(8.23) wp? =wp + Z( '+ ka ot + w’YN+1
k=1

Positivity and w C(01.7) =1 1mply
N

J
(8.24) Zle @) <1, Y T <TR|ery-

k=1
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To bound the total mass of these visits, we write I* = (v_,vy) and test each Hj-identity with
¢1(v) = (v —v_)(v4 —v). This function vanishes on the internal exit boundary, satisfies K¢ = —2a,
is at least 72 on I, and is at most %% on I*. Summing the identities and using (8.24) gives

9 J 9 6A
2 < 2,2 Q M)« L2 T8
T E V(<) 6" +2AT (S N{vel*}) 6" + 3 Rr,

where the last inequality is Lemma 8.5. Monotone convergence proves (8.18).

To count visits beginning in a time interval J of length 72, we choose 0 < 1 < 1 smooth, equal to one
on J, supported in an interval of length 372, and with |n’| < Cr~2. We test the same identities with
7(s)¢dr(v). Internal exit terms vanish because ¢; = 0 on 9I*; the sum of the outer exit terms, including
any terminal face or truncation by Jg, is at most Cr? by (8.24). Hence

al N
%TQ Z’Yk-(J xR x Jg) <Cr?* + /y(w\qﬁ[ + 2an) d(z Fil) <02,
=t k=1

For the last bound we use |1'|¢7 + 2an < Clgyppy on the active strips, their domination by F}IDQ, and
the time-marginal bound above. Letting N — oo proves (8.19); a possible initial atom ~; = dp is
included on the left.

Finally, the remainder in (8.22) has mass at most R?yy41(.#) — 0. The terms po and Fgf give no
mass to I, so
J
T2 wery = O T jver)-
k>1
We enlarge H; to I'* and the terminal time to infinity. Monotonicity gives (8.20). We apply Corollary 8.4
with v = ~;: the total mass is bounded by (8.18), while its mass on each time interval of length r? is
bounded by (8.19). This gives (8.21). O

8.3. Harnack improves the Aleksandrov estimate. We now use the regularity implied by the
preliminary estimate to improve the estimate itself. The order of the argument is

Aleksandrov at p = 6 = Holder continuity and a kinetic Harnack comparison
= decay of returns in elapsed time

= Aleksandrov for every p > 4.

The preceding estimates already give the starting point, a preliminary Aleksandrov principle at p = 6.
Indeed, at ¢ = g, Lemma 8.6 bounds the density on a core of scale r < C'R by CR&7r%. The continuous
covering (8.32) below therefore gives

There is no mass at v = 0 by Lemma 8.5; cylinders with |vg| > 8R are covered by a single interval
in Proposition 8.3. Proposition 6.2 thus gives the localised maximum principle at p = 6. Applied to
¥ — u and 9 + u for a homogeneous solution, it verifies (9.6). We may consequently use the conditional
Hélder theorem and propagation lemma of Section 9, with constants depending only on A, A. This uses
only the preliminary estimate, before either improvement.

We write S; for the positive full-space evolution with generator vdx + a(X, v)0yy. The terminal kernels
on (—M, M) from Proposition 8.1 increase with M. For a starting point with velocity v, testing with
(v — v.)? bounds the mass lost before time T by (MQ?A% Their limit therefore has mass one. The
bounded-limit and comparison argument of Appendix A gives its classical solutions and composition.
Autonomy then gives 0,(SiF') = v0x (S¢F') + a0y (S¢F') for bounded smooth F. Position reflection,

u(t,z,v) = St F(—x,v), gives Opu + v0;u — a(—x,v)Oypu = 0, the convention of Section 9.
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Here we write functions in the physical coordinate order (X,v). In terms of the full-space kernel
constructed above,

SiF(X,v) = /F(X', w) Ko ((v, X), dwdX’).

For a non-negative function F', this is its integral against the kernel at elapsed time ¢. If F is the indicator
of a velocity interval, it is the mass in that interval. The next lemma bounds it by a fixed multiple
of its value at the same point at any later time in [2t, 3t]. Averaging will then turn a time-integrated
occupation estimate into a bound at time ¢.

Lemma 8.7 (A return-time comparison). For every bounded non-negative Borel function F on R?,

(8.25) SiF(X,v) < CAaSsF(X,v),  2t<s<3t, |v|<VL

Proof. The argument has three parts. Propagation carries a positive lower bound from a small
neighbourhood to a later point. Holder continuity supplies that neighbourhood from a positive value.
An iteration removes the larger supremum that occurs in the Holder estimate.

A small positive neighbourhood reaches a later point. We work in the reflected position coordinate, with
a non-negative solution u of L,u = 0. We suppose v > k on Q, (z), where z = (7, z., v.) lies in a fixed
bounded region. After scaling by ¢ and following the transport of its centre, a cubic position path joins
this patch to any point of

Qo (T + 807, ¢ + 86%0c, ve).

The travel times lie between 4¢? and 8¢2, and the normalised endpoints and accelerations are bounded.
On the preceding interval of length ifz, we take the path to follow the centre of @, (2), with tube
widths 2¢3 and 1¢. The initial tube is then contained in that cylinder. Lemma 9.3, with Ty = 1¢% and
Ty = 8¢2, gives a fixed factor ¢, > 0 throughout the later cylinder.

We repeat with radii ¢,2¢,4/, ... until reaching a fixed small radius. The elapsed time is bounded by a
constant times the square of that final radius, while the number of steps is at most C + log, %. One
last path of fixed width reaches any prescribed point z, in a bounded future region separated by a fixed
positive time. Choosing the final radius small enough leaves time for this last path. Thus, for some
B > 0 depending only on ellipticity and the fixed regions,

(8.26) u(zy) > clPk.

All tubes lie in full space. Each doubling loses only a fixed factor in height, and the number of doublings
grows like log %, so the total loss is a power of £. This is why we enlarge the neighbourhood as we
propagate it; keeping its width equal to ¢ for the whole time would give a much weaker bound.

Hélder continuity supplies the neighbourhood. We first take F' smooth, scale ¢ to one and translate X
to zero, without shifting velocity. For the reflected solution u, fix the later point z, = (s,0,v) with
2 <s<3and |v] <1. We choose nested open boxes Ug, % < R <1, around (1,0, v), whose times lie
in (%7 %) and whose position and velocity radii are small fixed multiples of R. They can be chosen so

that @5, (z) C Uy for z € U,, where h = ¢(b — a) and a < b. We set Mr = supy,,, u.

The size of a neighbourhood on which u stays above half its value at z depends on that value relative
to the nearby supremum M. Precisely, Theorem 9.1 gives u > %u(z) on @, (z) for

= on (M)

provided M, > 0. Taking ¢ small makes the required surrounding cylinders lie in U,. Applying (8.26)
to this neighbourhood and taking points with w(z) approaching M, gives

5 —2
u(z*)ZChﬂMa M, ~.
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Removing the larger supremum. The last inequality still contains M;, because Holder continuity was
measured relative to that supremum. We rearrange it and use Young’s inequality, with § = to
obtain

_a
a+p?

M, < Ch_ﬂeu(z*)aMbl*G <eM+ Csh_ﬂu(z*).
We set a; =1 —27771, 50 ag = 1 and h; = c(a;j41 — a;) = 27972, Repeated substitution gives

<eNM,, + Cou(z) (e29)7.
J

=

M

1
2

Il
o

We choose €27 < 1 and let N — oco. Boundedness of u removes the first term, and the sum stays
bounded. This proves u(1,0,v) < Cu(z.). Scaling back proves (8.25). Approximation of the finite
terminal measures extends the inequality from smooth non-negative F' to bounded non-negative Borel
F. O

We use this comparison only for the full-space evolution, not for a kernel killed at the boundary of a
one-sign velocity interval. The latter cannot in general return to the same position at a later time.

Lemma 8.8 (The improved density bound). In Lemma 8.6, suppose in addition that |0| = 2r and
r <6R. Then

2.9 4_ 3
(8.27) IGp1llLasry < CanqRe Lra=3, 1<g< 5
Proof. By autonomy, we shift the starting time of P to zero. The remaining observation interval has
length at most R2.

The barrier gives a bound integrated in time. We put ¢, (v) = V/r? +v2. This is a smooth convex
approximation to |v[, and ay > < on |v| < 3r. The Green identity bounds occupation of this interval
by the increase of 1,.. Since v, has Lipschitz constant one, the quadratic velocity estimate gives, for
every starting point z. = (Xe, ve),

T
t/ Sel{juj<ary (2e) dt < O (ST (2e) — r(ve)) < Cry/Srlv — vel?(ze) < CrV/T.
0

We apply the tests first on (=M, M). The quadratic test gives Sz|v — v.|?(2.) < 2AT in the limit.
For 1., the contribution of the distant exit boundary tends to zero: its value is O(M) and its mass is
O(M~—2). This justifies the whole-space Green identity used above.

Harnack gives a bound at each elapsed time. The integrated estimate alone allows the mass to be large
on a short time interval. The comparison (8.25) gives the extra control we need. For |v.| < 3r and
t > 9r2, we have |v.| < v/t and may average that comparison over s € [2t,3t]. Since I* C {|v| < 3r},

C 3t
Silpe(ze) < — Selr(z.)ds
t 2t
3t

.
<2 S eanm (ze)ds < O
=7/ {Iv]<sr}(ze) ds 7

Together with the mass bound for ¢ < 9r2, this proves

N

(8.28) Silr-(z) < C <1 + :2) 7

From mass present to visits beginning. We choose a bounded velocity interval J containing E UT* in
its interior. We apply the alternating construction of Lemma 8.6 with outer interval J, active interval
I* and waiting set J \ 1. All measures are supplied by Proposition 8.1; no unbounded waiting domain is
needed. As in that construction, 7 records where and when the kth visit begins; we put v =%, o,

for the measure counting all visits in this enlarged strip. For the first N active pieces, let ugN) be
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the sum of their terminal measures at time b, and let F;]CV;) be the sum of their occupation measures.
Repeated use of Proposition 8.1 (v) expresses the evolution on J as these active pieces, the waiting
pieces and a final continuation. Every measure is non-negative. Hence, for f > 0 and times measured
from the starting point e,

/ Faut <Spf(e), T <17,

Integrating the first inequality in b also bounds active occupation by the full-space evolution. These
inequalities hold before taking any infinite sum. Only a waiting piece can reach 0J, because an active
velocity exit lies on OI*.

We now keep track of when each visit begins. We write I* = (v_,v;) and again use ¢;(v) =
(v —v_)(vy —v). We sum its Green identities over the active pieces, restricted to a time interval [a, b]
of length r2. The test vanishes on every velocity exit; it is at least %72 at the beginning of a visit and
at most %T’Q at time b. The active mass already present at time a has a favourable sign and may be
discarded. Since —K, ¢ = 2a(X,v), this gives, with times measured from a starting point z.,

(8.29) v((a,b] x R*) < C

b
Splr(2e) +7‘*2/ Stlj*(ze)dt] .

One can first sum finitely many pieces. The same test over the whole observation interval, and the
integrated velocity bound above, bound the total mass beginning these visits by C'(1+ %), independently
of J. Monotone convergence justifies the full sum, and this finiteness makes the remainder in the
alternating Green identity vanish, as in Lemma 8.6. The initial visit is counted separately. Crucially,
no constant is added on each later time interval in (8.29).

We use Jo = [0,72] and J; = (jr?, (j + 1)r?] for j > 1, and put m; = v(J; x R x I). We first start
in I at time zero. Then |v.| < 3r, and (8.28)—(8.29) bound the mass beginning visits during the j-th
interval of length r2 by C(1 +5)~2. For the initial interval, we use $;1 < 1 in (8.29) and add the unit
mass of the initial visit.

Allowing any first-arrival time. If the starting velocity lies outside I, the first visit may begin much later.
The first-arrival measure 7; records where and when it begins and has total mass at most one. If the
starting velocity already lies in I, then «; = 6p. We apply the preceding bound from each first-arrival
point. We write a; = v1(J; x R x I), so >y < 1. An arrival in J; shifts any later interval J; across at
most two elapsed-time bins. Consequently,

my <CY a(l+j—1)7%.
1<)

Young’s inequality for this discrete convolution gives, on an observation interval of length at most R?,

2—q
(8.30) domi<c, Y (1+z‘)3§cq<1+f> . 1<g<2.

J 0<i<2+E2
.

We now return to the Green density. The improvement is that we control the sum of the gth powers of
the masses in successive time intervals, rather than use only their total mass. The Green measure on J
equals the sum of its active pieces on I, since the waiting pieces give no mass there. It dominates the
original measure on Jg. We extend each active piece to the all-time Green measure on I* from the
start of the visit to obtain F}IDQ lfver.} < Twl{ver.}. Grouping the possible atom at time zero with the
first interval only increases the sum of the gth powers. We apply (8.14) and (8.30) to obtain

R\**
|Gral, < Ot (1 + T) P

where the last inequality uses r < 6 R. Taking the ¢-th root proves the lemma. O
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8.4. The density on the kinetic cylinder. Near v = 0, using position as time requires smaller and
smaller velocity intervals. Lemma 8.8 bounds the density on a core of scale r < 6R centred at v = £+2r
by CRi 7773, We now integrate over these cores. The factor ra=? s integrable against % at zero
when g < %.

Proposition 8.9 (Green density on the kinetic cylinder). For every P € Q and every 1 < g < %, the
Measure FéQ |o has a density Gp with respect to dsdX dv and

(8.31) HGPHLQ(Q) < C’A’A,q R%_4.

Proof. We first suppose |vg| < 8R, so [v] < 9R on Q. For p > 0 and ¢ = £1, we use (8.5) with v = ¢p
and 7 = £. Its core is I§(p) = {v: % <gv < %”}. For ¢v > 0,

8sv
i dp T odp 9
(8.32) / 1rcp)(v)— = — =log -,
0 s(p) P &T” p 7
When |v]| < 9R, the integral is unchanged if truncated at Lp = @. For p < Lg, Lemma 8.8 applies

since r < 3—76R < 6R. For a non-negative Borel function F' on 9, extended by zero to ., Tonelli’s

theorem and Hoélder’s inequality give, with ¢’ = q_il,

Lr
J 2_ 4_ dp 6 _
[ P 2 OB e [ 0L < ConaRE N F o)
on{sv>0} 0 P

The integral converges precisely for g < %. Lemma 8.5 gives zero mass to {v = 0}; summing the two
signs and using duality proves (8.31).

If |ug| > 8R, we instead use one triple with o = vy and 7 = 4R < 2|vg|. Its core contains Jg

and I contains E Domain and time monotonicity bound FiDQ by the all-time measure on I*, so
Proposition 8.3 gives the result for every 1 < ¢ < % O

8.5. A Bellman barrier controls position as well. The preceding argument counts when a visit
begins, but integrates over all starting positions. This loses information at g = %: the power 4 — 3¢ in
the velocity-scale sum becomes zero. We now retain the position of each visit. The extra information
comes from a barrier that controls occupation of a box of width 7% in position and 7 in velocity. Figure 4

compares the two counts.

We continue to use the positive full-space evolution S; introduced before Lemma 8.7. Its generator is
L =v9x + a(X,v)0yy, so K, = 0s + L. The following barrier works for every coefficient value in the
ellipticity interval. It need not be positive.

Proposition 8.10 (A homogeneous Bellman barrier). There is 8, = ﬁ*(%) € [2,3) such that, for every
Bi —2 < a < 1, there are a function ® € C*(R?\ {0}) and a constant ¢ > 0 satisfying

d(r*X,rv) = r*®(X,v), p(X,v) = (X2 +9)53,

(8.33)
v®x + bB,, > cp® 2 for every b € [\, A

The function and constants depend only on A\, A, .

We seek one barrier that works for every diffusion coefficient b € [\, A]. Taking the least favourable
coefficient gives the stationary Bellman inequality
: 2

P b,y > cp™c.
v X+>\21b£A vo = CP

Appendix B proves existence by separation: if no such homogeneous barrier existed, there would be a
positive stationary adjoint measure of degree 2 + «. The definition of S, excludes this when 2 + « > S,
and the strict gap 5. < 3 allows us to choose a < 1. Testing the evolution against this barrier bounds
the time spent in a small box in position and velocity. Together with the Harnack comparison and
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the quadratic velocity test, this controls the mass of visits beginning in each time and position cell.
Retaining where visits begin, as well as when, supplies the additional estimate needed below p = 4.

For the rest of the argument we fix one admissible « and set

(8.34) vy=2-a€(1,2), e=l—-a=v-1>0.

Until the end of this section, constants may depend on A\, A, and on the displayed integrability
exponent.

The barrier extends continuously to the origin by zero. Homogeneity bounds its derivatives, and
integration along the coordinate lines gives

(8.35) |D(X,v) — ©(X', )| < C(IX — X'|5 +|v—12']).

Indeed, |®x| < C|X|37! and |®,| < Clv|*~! away from the respective zero coordinates, and both
singularities are integrable.

Lemma 8.11 (Occupation and concentration in a phase-space box). For fized Ag, M > 0, we write

B.(Y)={(X,v): |X = Y| < Agr®, |v| < Apr}.

time and position:

(a) time only: (b) cells J; X By carry nj
e one mass per column AN o019 )
j
A Mot key: nyy 1A
0.05 (nonlinear, m;
0.02 capped)
1 0.005 1071
Supy, Mk
0.5 1 - 1072
0 =
. > -] T T T > 1 + J
x ; >j 0 5 10 2 5 10 30
0 5 10 .
S =m; <C(1+j5)72 all positions together (time-only count: p > 4)

_X

sup, i <CA+7)"2,y>1 each cell (Bellman barrier); e =y —1> 0

(c) cores IE(pj) = +[Zpi, 2p;], pi = 8R(L)’, on two rows; consecutive cores overlap (grey).

Summing over the scales: at ¢ = % (that is, p = 4) the exponent is 4 — 3¢ +¢(¢—1) = § >0,
so the sum converges even at p = 4, with room to spare

T > U

—-9R 0 IF(ps) It (p2) IR

FIGURE 4. What retaining position gains (Section 8.5; Monte Carlo as in Figure 3). The
preliminary p = 6 estimate supplies Holder continuity and the kinetic Harnack comparison;
this improves the time counts, shown in (a), and the Bellman barrier supplies the additional
position bound, shown in (b). (a) One mass m; per time bin. (b) The same bins divided
into position cells By of width r3; the key is nonlinear and capped. (b’) The column totals
decay slowly, the largest single cell faster. Lemma 8.12 proves m; < C(1+ )~ 2 and, through
Proposition 8.10, sup, n;x < C(1 + j)f% with v > 1 and € = v — 1; these are uniform upper
bounds, not the rates of this example. (c) The overlapping cores of Proposition 8.14. The
core estimates (8.43) sum for ¢ < g:z, which gives p > 4 — e = 3 4+ «a; the admissible « give
every p > p«(k) = 1+ B+(k) < 4. Neither the endpoint nor optimality is claimed.
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Uniformly in X,Y,r,T, we have
T
(8.36) / S.ls,r)(X,0)ds < O TS, |u| < MVT.
0

Consequently, if |v] < 3r, then
ol
2

-
(5.37) Sita,0n (X.0) £ € (145 )

Constants may also depend on Ay, M, \, A, .

Proof. We justify the use of the singular barrier first. We convolve only in position, with a non-negative
smooth approximate identity ns, and put &5 = ns *x ®. Appendix B verifies that the derivatives of ®
have no distribution supported at the origin. The bound

1B, (X, )| < CIX|5

is locally integrable in X. Thus ®;s is smooth in position and twice continuously differentiable in
velocity, including at v = 0. Since (8.33) holds for every scalar b, we may hold b = a(X,v) fixed while
convolving the shifted barrier. This gives

L[®@s(X =Y, v)] = c(ns xx p~")(X = Y, v).
Neither a derivative of a nor a transport error appears.

For clarity, the moment bounds used to apply the Green identity can be obtained from the smooth
diffusion representing the same kernel:

dX, = Vs ds, dVis = v/2a(X,, Vi) dBs, (Xo, Vo) = (X, v),

where By is one-dimensional Brownian motion. Smoothness gives local existence and uniqueness, and
bounded diffusion prevents explosion. Its terminal solutions agree with those of Proposition 2.1 by
bounded comparison. In particular,

Esup |V, — v|* < 8AT, sup | Xs — X| < |v|T + T sup |Vs —v|.
s<T s<T s<T

These estimates also justify stopping on large compact sets and then removing the stops in the Green
identity. The modulus (8.35), unchanged by position convolution, makes the endpoint differences
uniformly integrable. We next let § | 0 and use Fatou’s lemma to obtain

T
cIE/ p( Xy =Y, V) Vds <E®(Xp —Y,Vp) — B(X —Y,0)
0
<COyT?=.

At the origin the regularised integrand tends to +oo; elsewhere it tends to p~7. On B,.(Y) we have
p < Cy,r, which proves (8.36).
For t > 9r% Lemma 8.7 and (8.36) give

C 3t
StlBT(Y) (X,v) < n Sslgr(y)(Xﬂ)) ds
2t

<Ccrtzl=C (7“)7.
B Vit

For t < 972, the mass bound gives (8.37). Harnack is applied to the positive solution S;F in its starting
variables, not to an adjoint density. O
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8.6. Counting visits by time and position. We divide time into intervals of length 2 and position
into cells of width r3. The quantity n; . below counts the mass of visits beginning in one such cell; its
sum over k is the earlier time count m;. We will bound the largest cell using the Bellman barrier and
the sum using the return-time comparison.

We use the intervals (8.5) with © = +2r, so I* C {|v|] < 3r}. We first start at e = (0, X,,v.) with
ve € I, and observe up to T < R?. As in Lemma 8.8, we work in a bounded interval J containing I* in
its interior. All constants are independent of J.

A visit begins when the velocity reaches I and ends when it leaves I*. Another visit is counted only
after a return to I. The measure v is the sum of the distributions of these starting times, positions and
velocities, as in Lemma 8.6. Its total mass counts visits and can exceed one. The existing quadratic
test gives

v(R?) < C<1+f>.

The sum of the occupations during active visits, and of their terminal measures at any fixed time, is
dominated by the full-space evolution. This follows from the alternating Green and exit identities, or
from the fact that at most one visit is active along each path.

We divide time into Jo = [0,7%] and J; = (jr?, (j + 1)r?] for j > 1, truncating the last interval at 7'
We divide position into By, = [kr3, (k + 1)r3), k € Z, and put

(8.38) nig =v(J; x By x 1), mj=> nyp.
k

Thus m; counts all starting positions in one time interval, whereas n; j retains a single position interval.

Lemma 8.12 (Visits beginning in one time and position interval). The masses in (8.38) satisfy

(8.39) m; SC(L+7)7%  supnp < C(1+j)" 2.
k
In particular, for 1 < q < %,
R 1-v(g-1)
(8.40) > nl, <G (1 + T) :
7.k

Proof. The estimate for m; was proved in Lemma 8.8. To retain position, we write I* = (v_,vy) and
use

p(v) = (v—v_)(v+ —v),  h(X,v) = xx(X)o(v),
where 0 < yj, < 1 equals one on By, is supported in an interval of length 33 centred at Y, = (k+ %)7‘3,
and satisfies |x,| < Cr=3. Since |v| < 3r and ¢ < Cr? on I*,

Lhy, = —2ax + vox, |Lhi| < Clp,(v,) onI7,
with a fixed sufficiently large Ay in the definition of B;..

We sum the Green identities over active visits, each restricted to [a,b] C [0,T], where b — a < r2. If

ugN) is the sum of the terminal measures of the first N active pieces at time s, and vy counts their
starts, the exact identity is

b
/ hydvy = /hk du;()N) - /hk dugN) 7/ /Lh;€ d,ugN) ds.
(a,b] xRR? a

The internal velocity exits contribute zero because ¢ = 0 on dI*. The term at a is non-positive. We
retain the term at b and use domination by the full-space evolution. At a new start in By, hy > %rQ.

Monotone convergence, justified by the finite total count, therefore gives

(8.41) v((a,b] x B, xI) < C

b
Sp1s, (vi,) (Xe, ve) +7“_2/ SslBT,(Yk)(Xe;UE)dS] :
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Lemma 8.11 bounds this by C(1 + j)~2 on J;, for j > 1, including a truncated final interval. On Jy
the mass bound and the unit initial atom suffice. This proves (8.39). Finally,

q —1
> nl <> (supng)itmy
& X k
Js J

1-v(g-1)
o lty(a—1D) R
<c, Y (g E ng(Hr) .

. 2
0<j<2+L8;

The exponent in the last expression is positive because 7 < 2 and ¢ < % O

8.7. Summing the densities below the exponent four. Lemma 8.12 bounds the sum of the gth
powers of the starting masses. To pass this bound to densities, we control overlap between cells. A visit

killed at OI* survives for time h with mass at most C’e*cr’iﬁ by Corollary 8.4, and moves by at most
3rh. The number of overlapping cells grows polynomially, while their contributions decay exponentially.

Lemma 8.13 (Starting at different times and positions). For any finite positive starting measure v on
[0,00) X R x I*, with v = +2r, we continue the time grid to infinity and put

njk = v(J; x By x I"), j>0, kel

For the visit measure these are the masses in (8.38), since it is supported in I. The all-time Green
measure I‘i* has a density satisfying

. 3
(8.42) G [0 < Cqr®=a Zn?,lm I<g< 5
Jik

The same estimate holds after translating the time origin and the position grid.

Proof. Restarting the surviving measure at time s, + h and applying Proposition 8.3 gives

* _ch 6
||1{825c+h}G£ ||Lq < Cge cEpg4,

The estimate is valid for every restarted velocity in I*. On an output cell J; x By x I*, starting mass
in J; x By x I* contributes only if j < ¢ and |¢ — k| < C(i — j + 1), by the position support bound.
Minkowski’s inequality therefore gives

117551+ GL 1o < Cort ™ D ety > k-
J<i |k—£|<C(i—j+1)
The sequence defining this convolution on the two indices has finite ¢! norm, since Y onsolh +
1)6’6('1’1)+ < oo. Young’s inequality and disjointness of the output cells prove (8.42). Absolute

continuity follows first by integrating the one-point estimate of Proposition 8.3 against the finite
measure v. 0

We take J large enough to contain both Jg and I*. For a start in I, the Green measure on .J, restricted
to I. and to the observation horizon, is dominated by 1"{,*. The original measure on Jg is smaller by
domain monotonicity. Combining Lemmas 8.12 and 8.13, for r < 6R, gives
R 1-v(q—-1)

[Gerlly < Curt=t (147
(8.43) "
r\ 4—3q+e(q—1)
) '
Here G, denotes the density restricted to the core, with the same convention as G'p,; above.

< C, RO (

If the starting velocity is outside I, we first use the distribution of the first arrival in I. Its mass is at
most one, and no occupation of I, occurs before that arrival. From each arrival point we apply (8.43)
with time measured from that point and remaining horizon at most R2. Minkowski’s inequality gives
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the same bound after integration against the first-arrival measure. The position grid can stay fixed: the
estimates are uniform in the starting position and box centre, and require no translation invariance of
a. The different arrival times introduce no extra factor.

Proposition 8.14 (The improved cylinder density). For every P € Q and

l<qeize
q 3_ ¢
the Green measure F;_,Q|Q has a density Gp satisfying
6_
(8.44) IGPllLace) < CrngaRs ™.

Proof. We first suppose |vg| < 8R. The cores with centres © = +p; and scales r; = %, where

7 J

cover 0 < |v| < 9R. We enlarge Jg to a bounded interval containing both E and the corresponding I*,
and use monotonicity and (8.43). The countable cover and Lemma 8.5 first give absolute continuity on
Q, including across v = 0. Summing restrictions of that density gives

7 j 4-3q+e(q—1)
/QG‘;, < CROTMY (4 <8) ) .

Jj=20
This geometric series converges precisely when 4 — 3¢ + (¢ — 1) > 0, which is the stated range. Its
upper endpoint is less than %, as required in the local estimates. For |vg| > 8R, the single-interval
argument at the end of Proposition 8.9 already gives the result for every g < % O

At g = %, the extra power in (8.43) is § > 0. Thus the density belongs to strong L3, and the maximum
principle includes strong L* sources. Nearby values of ¢ give p > 4 — ¢ = 3 + a. The barrier provides
the additional position bound; the D6blin argument still supplies the local density on each one-sign
interval. Neither bound alone gives the conclusion.

Proof of Theorem 1.2. We fix p > p, = 1 + S, and choose
s —2 < a<min{l,p—3}

in Proposition 8.10; this is possible since S, < 3 and p > 1+ .. Weset e =1 — « € (0,1). These
exponents depend only on % and p. Since p > 3+ a = 4 — ¢, the conjugate ¢ = p% is in the range of

1
Proposition 8.14.

We first assume a smooth and reflect time and position as in Section 6. The function U(s, X,v) =
u(—s, —X,v) satisfies KU > —go, where a(X,v) = a(—X,v) and go(s, X,v) = fy(—s,—X,v). The
coeflicient remains autonomous with the same bounds. For each P € Q, we use F£Q|Q. Proposi-
tion 8.1(vi) gives the source potential, and Proposition 8.14 bounds its density. Proposition 6.2 therefore
gives

supU < sup Uy + OA,A,IIR274|‘901{U>O}HLP(Q)'

Q otQ
Since g —4=2- %v reflection gives (1.8), including the localised source. Finally, Lemma 6.4 applies:
we mollify a only in position and velocity, keep u fixed, pass to the limit on compact inner cylinders,
and then exhaust the original cylinder. All constants are independent of coefficient derivatives. O

The threshold of Theorem 1.2, supplied by the Bellman construction, is

(8.45) p«(k) =14 Bu(k) € [3,4), K= %
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This definition is nonquantitative: the proof gives neither a numerical formula for p, nor the estimate
at p = p.. Whether p, is the optimal Aleksandrov threshold remains open. Since 5, < 3, every p > 4 is

admissible; with a = 6*2_1 one obtains in particular every p > 4 — ¢ with ¢ = 3_2ﬂ* € (0, %}

Proof of Corollary 1.3. For smooth coefficients, both theorem proofs use Proposition 6.2, whose source
is already restricted to {U > 0}. Reflection preserves this set and its source norm. The localised form
of Lemma 6.4 passes the same estimate to measurable coefficients. O

9. FROM THE ALEKSANDROV PRINCIPLE TO HOLDER CONTINUITY

The Aleksandrov estimate first turns positivity on most of a cylinder into a lower bound on a smaller
region. A moving barrier carries that lower bound to later points. A covering argument then shows that
positivity on any fixed fraction of a cylinder suffices. Applying this to a solution and its negative reduces
the oscillation on a smaller cylinder, and iteration gives Holder continuity. This is the growth argument
of Landis and Krylov—Safonov [18, Chapter 3, Sections 6 and 8][17], adapted to kinetic transport.

In this section the localised Aleksandrov estimate is an assumption. The implication is valid for
coefficients depending on all three variables; we have proved its hypothesis only for the two coefficient
classes of Theorems 1.1 and 1.2.

9.1. Setting. Throughout this section 4 : R**2¢ — Sym, is Borel measurable and satisfies

(9.1) My < A(t,z,v) < AI; for almost every (t,z,v) € R1T2?,

and, extending (1.5), we write

(9.2) Lau=0u+v-Vyu— At,z,v): Du.

The cylinder Q(Pp) and its kinetic boundary 0,,Q 5 (Fo) are those of (1.2) and (1.3). For Py = (o, zo,vo)
and R > 0 let

(9.3) ®p, r(t,z,v) = (to + R*t, o + R*z + R*tvg, vo + Rv),

the composition of the kinetic dilation of ratio R with the Galilean translation by P,. It satisfies
Pp, r(Q7(0) = Qr(Po), Ppyro Do, = Ppy, ke and |Pp, g(E)| = R*2|E| for every Borel set E; the
exponent 4d + 2 is the homogeneous dimension already met in (1.6). The kinetic quasi-distance between
P=(t,x,v) and P’ = (¢',2',v') is

94) (P P)=|t—t'} +|o—v'| +max{]s’ —x — (t' — )|, |z —a' — (¢t — )|} 7.
For m € N the forward stack of Q, (Pp) is
(95) QT (Py) ={(t,z,v): 0<t—to<mr?, |[v—wo| <r, [&—m— (t—to)vo| < (m+2)r’},

so that QT (Py) = ®p, . ( ;"+(O)) It occupies the m cylinder heights that follow the top of Q- (Fp),
and is wider in the position variable by the amount the transport moves in that time.

9.2. The hypothesis. We use the equation only through comparison with smooth barriers. The
assumption below bounds the excess of a barrier ¢ over u by the source of ¢ on the set where b > u. Let
O C R'*24 he open, let 1 < p < co and Ca < co. A function u € C(O) is an admissible supersolution
in O with Aleksandrov data (p,Ca) if, for every Py € R2¢ and R > 0 with Q(P) C O and every v

smooth on a neighbourhood of Q5 (F),

_4dt2
(9.6) QS—IEE )(w —u) < ) 21_11?1) )(w —u)y +CAR* 7 H(LA¢)+1{¢>U}HLP(Q,;(PO)) )
=2 (Po L QR (Po

A function u is an admissible solution in O if both v and —u are admissible supersolutions in O. If u is
an admissible supersolution, so is fu + ¢ for every § > 0 and ¢ € R, with the same data; taking ¢» =0
in (9.6) gives the minimum principle for u on every cylinder. Condition (9.6) is precisely the conclusion
of Theorem 1.1, in the localised form of Corollary 1.3, applied to v — u with source L .
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Theorem 9.1 (The Aleksandrov principle implies Holder continuity). Let A satisfy (9.1), let 1 < p < oo
and Ca < 0o. There are a € (0,1] and C < oo, depending only on d, A\, A, p and Ca, with the following
property. Let Q C R'24 pe open, let u be a bounded admissible solution in Q0 with Aleksandrov data

(p, Ca), let C C Q2 be compact, and let Ro > 0 be such that Q,p (P) C Q for every P € C. Then
dk<Pa Pl) )a

e for all P,P' € C,

(9.7) lu(P) —u(P")| < C(OSCQRO’C u) (
where Qr,c = Upee Qar, (P)-

The rest of the section proves Theorem 9.1 and applies it to the autonomous class. For A(¢,v), the
final corollary uses the direct local estimate of Proposition 7.1.

9.3. Positivity from a nearly full superlevel set. We suppose that u > 1 on most of a cylinder.
We choose a smooth cutoff 1) between zero and one, equal to one on a smaller interior region. The
source in (9.6) is then counted only where 1) > u, a subset of the small set {u < 1}. Its norm is small,
so u stays close to one wherever 1 = 1. We use the following fixed interior region, called the reference
cap:

(9.8) B:{(t,x,v): f%<t<f%, |x|<873, |’u|<%}, BcCQ(0).

Lemma 9.2 (Positivity from a nearly full superlevel set). There is C1 < oo, depending only on d, A, p
and Ca, with the following property. Let Py € R*24 r >0, >0 andn € (0,1), and let u > 0 be an

admissible supersolution with Aleksandrov data (p,Ca) in an open set containing Qr (Po). If

(9.9) {u>3NnQ; (Py)| > (1-n)|Q; (P)|,
then
(9.10) @Pigf(B)u > (1-Cinr)e.

Proof. We choose ¢y € C(Q7(0)), 0 < ¢ < 1, with 9 = 1 on B, and put p = L) o CI)}OI,T,
extended by zero. The kinetic chain rule gives |£41| < Colr=2, where Cy depends only on d, A and
the fixed cutoff. The boundary term in (9.6) vanishes, and {1 > u} C {u < ¢} has measure at most
nrid+21Q7 (0)]. Therefore
sup (1 —u) < CaColQy (0)[Fn7 L.
Qr (Po)
Since ¢ = ¢ on ®p, ,(B), this is (9.10). O

Only one consequence of Lemma 9.2 is used below, at one fixed density. We fix 7, € (0,1) with
1

(9.11) Cin? <

)

N

depending only on d, A, p, Ca. Lemma 9.2 then gives inf u > %E on the cap at density 1 — n,.

9.4. Propagation along kinetic paths. We carry a positive lower bound along a position path with
bounded acceleration, using its derivative as the velocity path. A Gaussian barrier centred on this pair

. . . . 1 oy . . 3 . .
expands with velocity width proportional to h2 and position width proportional to hz. Its differential
inequality holds for every admissible coefficient. On each short time interval, we reduce its height so
that it starts below the preceding barrier; comparison follows from (9.6), whose boundary and source
terms then vanish. Figure 5 shows the construction.

Each comparison cylinder reaches slightly before its time interval. We therefore need the initial lower
bound on a tube of positive duration. The ratios in (9.12) describe its widths, the travel time and the
acceleration in kinetic units. The propagation constant depends on these ratios and ellipticity, but not
on p or Ca.
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Lemma 9.3 (Propagation along kinetic paths). Let H,ky, 5y > 0 and 0 < Ty < Ty < oo. There is
cprop € (0,1], depending only on d, A\, A and

(9.12)

with the following property. Let T C R'T24 be open, let t_ € R, and let P = (tp,xp,vp) € T with
Tp :=tp —t_ € [Ty, T1]. We assume that there is T € C’Ll([—TO,Tp];Rd) with

(9.13) |Z| < H almost everywhere on [~Ty, Tp), (z(Tp),z(Tp)) = (zp,vp),

such that the tube

(9.14) V={(t-+s, @(s)+y, Z(s)+V): =Ty <s<Tp, |y| < ka, |V| <k}

is contained in T. Then every £ > 0 and every non-negative admissible supersolution u in T satisfy

(9.15) u>l onVN{t<t_} = w(P) > cprop £ -

Proof. We construct the Gaussian in coordinates centred on the path. The matrix J describes transport
from velocity to position, and V inserts diffusion in velocity. Their covariance matrix, computed in
Step 1, determines the Gaussian. At each step we start with the same rescaled profile and a smaller
amplitude, using a time cutoff to make the comparison smooth. Throughout, Z = (y,V) € R4,

0 I, 0 h:l; 0
= V: DL == 1 ’
’ (0 0) ’ <Id) ’ ' ( 0 hﬂd) (h->0)

€= 6—/\4, and y € C*°(R) is a fixed function with 0 < x <1, x =0 on (—oo, —ﬁ] and x = 1 on [0, c0);

no constant below depends on the choice of .

To obtain smooth barriers, we extend Z by its tangent lines at the endpoints and mollify. The acceleration
bound H is preserved, and convergence in C* keeps the tube with halved radii inside (9.14). It retains
the initial lower bound. Step 5 allows a fixed positive endpoint error. We choose one mollification small
enough to preserve the tube inclusion and satisfy both endpoint bounds. We use the halved radii below.

Step 1: the covariance matriz. For s € [—Ty, Tp] we use the coordinates

(9.16) Z = (z—x(s), v—1x(s)),
and, for ¥(t,z,v) = Y(s, Z) with s =t — t_, the chain rule gives
(9.17) LV =0,Y+(JZ) VzYT —i(s)-VyT —A: DLY.

We define G, by G, = JG, + G,JT + AVVT with Gy = eD?, that is

. o . L1, 21
(9.18) G, = g (ED%)CUJ + )\G*(O'), G*(Q) :/ eIy Tesd d¢ = é]d ;Id ,
0 5 1d d

valid for every real o. Since e = Iy + o], rescaling gives
(9.19) Gy =DyGeDy, Gy =cee™ +1G.(0);

every bound below is therefore a bound on the fixed function 6 — 69, uniform in h and in the block.
We write q,(Z) = Z7G;1Z, py(Z) = VTG;1Z and R, = VTG V. Differentiating G ! and using the
equation for G,

(9.20) (0 +(J2) - V2)ao = =Alpsl*,  Vvde =2ps,  Dyde =2R,,
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(A") Q<13) ends at P.(lg) (B) v
Lh3 01
- Ly
—— h >
W2h, {¥) > 0} at ages
hes back > 3h 0=""%=0,1,3,1 one time; schematic;
hefore the bio shaded: {¥; > 0}

before the block

FIGURE 5. Propagation of a non-negative admissible supersolution, d = 1 (Lemma 9.3). (A)
The bound u > £ on an initial tube segment of duration Ty > 0 propagates to P; velocity is
the derivative of position. The cylinders Q(k> have radius R = Wh% end at the next path
point, and are sheared by the velocity there; only some are drawn. The cylinder proportlons
are schematic: they are drawn with W = 2, whereas (9.24) gives W = 2 + 5L)x2 + 2HT2.
(A’) Each cylinder extends W?h into the past, beyond its block of length h. (B) The exact
positive region {¥ > 0} for A = A = 1 and H = 0, where E,h = 2, in path-centred

p-lyz
coordinates hL , within the bounds (9.26). (C) Schematlc heights as the next barrier

starts, sp — 128 <8< sk On {Uy >0}, Uy < ékemz = {i_1cp < Wy_1; both barriers are
non-positive outside their positive regions. Repetition gives w(P) > cpropf.

where the transport terms cancel in the first identity. Four properties of G are used: positive definiteness

for 6 > —ﬁ, and
Go < 2A\Iag (jo] <1),
(9.21) tr(VTG, V) < Cg = % (0<6<1),
G9 <& G9+1 ( 128 <0< 0)

These are scalar 2 x 2 calculations. For |6] < 1, row sums give |Gyl < 3¢ + X < 2X For 6 >0, the
non-negative covariance term gives VT671V <e Y14+ 6%)1,. For 128 < 0 <0, the diagonal entries
are at least § and the off-diagonal entry has modulus at most 155, so the matrix is positive definite.
Finally, G,(a) = D,G,(1)D, and G,(1)~! < 1613, give, in this last range,

125X ~ 65

< 27
Goi1 > 2048 ——1Iaq, Gy < 4096I2d
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Their quotient is %.

Step 2: the barrier and its differential inequality. Let ¢ > 0, h > 0, L > 0 and let s, be the initial time
of a block. Writing o = s — s, and G = e==»7~9(4) with Z as in (9.16), put
9ACs  2H?
= —|— _
h 3\
Positive definiteness holds on a neighbourhood of [—ﬁlg, 00), so the cutoff makes ¥, extended by zero,
smooth everywhere. For 0 < o < h, the cutoff is one. Equations (9.17) and (9.20) give

(9.22) U(t,x,v) = X(%) (G- esz), Eh

L4V = e’g(—ah F Apol? +25(s) - po + 24 : Ry — 4py - Apa>

2AC
(9.23) < G2 = 3o 2 + 2 p, | + =2
3\ 2H% 2ACq 3\
<?Vg(-g;, - = 24,2 2Ry 2y 2 <
<0G(=Zn— el + G+ 50) = =5 £ Glpal <0,

almost everywhere on {0 < o < h}. We used ¢'G > 0, ellipticity, the trace bound (9.21), |Z| < H and
Young’s inequality.

Step 3: the constants. We fix, in this order,

A 128d 2HT 1 1
e=—, ng—S, 2, = 2ACq + L L=282, W=2+3L\7 4 2HT?,
64 A 3\
(9.24) - . i d Ty /ry\2 [ g2
C1:W+HW le, C2:W +§HW le, h*mln{Q, (Tcl) , (@)
and put
(9.25) o =e i — e 50, y=cpe 3 € 0,1).

Thus W > 2 and W2h,, < Ty; and for 0 < h < h, one has h < %Tg < Ty, so that Z,h = 2ACg + 21;;” <
e = iLQ, clh% < %mv and czh% < %fim.

Step 4: comparison over one time interval. Let 0 < h < h,, let so € [0,Tp — k], let ¥ be as in (9.22),
and let

Q=Qn(P),  Po=(t_+s¢+h, Z(se+h), i(se +h)), R=Wh?,
so that Q has its top face at the final time of the block and reaches back to o = —(W? — 1)h, well
before the block starts. We claim that if ¥ < on @ N {o < 0}, then ¥ <w on . On {¥ > 0} one
has y > 0 and G > e~L", hence o > —mgh and q,(2) < L? —&-Eh& < 28 1% as 0 < h on Q, the first

1
bound of (9.21) applies and, with (9.19), gives |D;'Z| < (2X- 23)2L < %L/\%, that is

(9.26) lv—3(s)| < 3LAZhE, |z —2(s)| < 3LATRE  on {U>0}NQ.

The acceleration bound places every point of Q within R+HW?2h < clh% in velocity and R34 %H W4h? <

Cgh% in position of the path at the same time. Since W2k < Tp, the whole cylinder lies in the tube. On
{¥ > 0}, moreover, | — h| < 2h. Thus (9.26) gives

1
2

lv— #(se + h)| < (gLA% +2HT; > h* <R

and
|z — Z(se +h) — (0 — h)Z(se + h)| < (2L/\5 + 2HT1;> h: <R3,

by (9.24). Thus ¥ < 0 on the position and velocity faces. It also vanishes on the bottom face, where
o < —3h. The assumed comparison for o < 0 gives {¥ > u} C {0 < o < h}, where (9.23) holds. Both
terms on the right of (9.6) vanish, proving ¥ < u on Q.
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2
Step 5: iteration along the path. We set n = f%’], h = T—rf, s = kh, ly = e3¢ and £}, = vl _1.
We denote by ¥, and Q*) the barrier and cylinder starting at s, with amplitude ¢, for 0 < k < n.

By Step 4, the induction ¥y < u requires comparison only where Uy > 0 and 0 = s — s, < 0. There

128 <0 <0,50q, >0and Eh < 1L? give

b
N

(9.27) Uy < 0pG < by e=rT58 < () 512 |

For k = 0, this set lies in the initial tube by (9.26) and (9.24). There u>l= Koes% o (9.27) gives
the comparison. For k > 1 that set lies in Q(*~1): its times s € [sg h, s] lie in [s — W?2h, s3], and
|s — sk| < h turns (9.26) into

- 128

1

|v—5c(sk)§( LA\* + HT. 2>h2 <R

and
3 1 1 :
|z — Z(s) — (s — s)3(si)| < (QLA% + 2HT1§> h% < W3h3 = R3.

There the inductive hypothesis gives u > Wi_q, and Wy_; is large: its own time variable is o + h €
[h — 13gh, h], so its cutoff equals one, and the third bound of (9.21), applied at § = ¢ € [— 135, 0], gives

Qo4n(Z) < 3500(2) < 85 - 3317 < 517,

whence

Vi1 > fk—1(€_iL2_%L2 - €_L2) =Lp_10, = Eke%
by (9.25), which by (9.27) is at least ¥;. For the original path, P is the centre of the final top face.
For the smoothed path, we choose the endpoint error at most %L)\%h% in position and %L)\%h% in
velocity. This is a fixed positive allowance because h > %h*. It keeps P in Q(»—1), and 61 > %IQd
gives q5(Zp) < $L?. Hence

uw(P) >V, 1(P) = gn_l(e—ahh—qh(zp) _ e—L2) YR

Since n < n, = [%L we may take cprop = ¥"™*. Formula (9.24) shows that , and hence this constant,
depends only on d, A, A and the four ratios (9.12). O

The hypothesis is met by the cubic Hermite path joining (Z(0),Z(0)) to a prescribed (zp,vp) in time
Tp, continued before time 0 with zero acceleration: its acceleration obeys
6|lzp — 2(0) — Tpz(0)] N 4|vp — z(0)|

2 r| <

on [0,7p].

1 _1 _3
The constant cprop degenerates as HT}? grows and as x,7} * and ;T * decrease; below this makes
the constant of Lemma 9.5 degenerate as m grows, which is harmless because m is fixed before it.

9.5. Ink spots and the forward stack. The covering theorem uses a lower bound on the forward
stack (9.5), not just on the interior cap. Lemma 9.2 gives positivity on ®p, .(B), whose times lie
between ¢ 47“ and ty — gr This leaves a fixed time gap before the stack begins. We will join the
cap to every point of that stack by the paths of Lemma 9.3.

The covering theorem itself is quoted; it is the only external input of this section, and it is the kinetic
form of the crawling ink-spots lemma of Krylov and Safonov [17]; Figure 6 illustrates it, together with
the positivity it is combined with below.

Theorem 9.4 (Crawling ink spots, kinetic form [14, Section 10], [10, Theorem A.1 and Remark 12]).
There are cqg € (0,1) and Cy > 0, depending only on d, with the following property. Let m € N with
m > 1, let n,mo € (0,1), and let E and F be bounded measurable sets with E C F N Q7 (0). We assume
that every kinetic cylinder Q, (P) C Q7 (0) with

|[ENQ, (P)| > (1-n)|Q, (P)]
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|V| < r for both; cap: |V| < §
(A) " — |/

5 comparison available t
to + mrs 1 (B) A
forward stack Q7" (Po)

Py=or Q; (0)

to 1 0 to— 17 - R ]
(), (Po), nearly I v )

2 | full of {u > K} cap _‘_ .

to—’!‘

A\
<

\/
8

—(m+2)r® —r3 r3 (m4+2)r3

FE dark; F' D F light

cap, magnified

uZ%Zonaset

to— 577 7 m—
P ] of positive duration

to—T'

FIGURE 6. From a nearly full cylinder to its forward stack. (A) In relative coordinates. If
Qr (Po) is nearly full of {u > ¢}, Lemma 9.2 gives u > 2/ on the cap ®p,,(5), whose times
lie between to — irQ and to — érQ. Kinetic paths from the cap then give u > §¢ throughout
the forward stack (9.5), of height mr? and half-width (m 4 2)r® (Lemma 9.5); the paths need
only stay in the larger region where comparison is available. (B) The covering statement,
Theorem 9.4: every cylinder nearly full of E has its forward stack in F' O E, and stacks may
leave Q7 (0). Both panels are position—time projections (display value m = 3); density is
measured in the full kinetic variables.

satisfies 1 < ro and QT (P) C F. Then

m+1 (1 —eqm) (|FOQ1_(0)| JrC'dmrg).

(9.29) IE| <

We use the unit-cylinder covering statement with an error for stacks that leave the cylinder [14,
Section 10], at their parameter s = 1. Their @ then differs from Q7 (0) only by a null top face, their
delayed cylinder Gm is exactly (9.5), and their density parameter u is our 1. The restriction r < rg
gives the error Cymrg. Guérand and Imbert record the same form on their earlier cylinder @~ in
Theorem A.1 and explain the relation in Remark 12. We now fix m € N so large that

1
(9.30) a = %(1 —cani) < 1.

Then m and a depend only on d, A, p and Ca.

Lemma 9.5 (Positivity on the forward stack). There are a bounded open set T, C R'*2% containing

Q7 (0) U QT (0) and a constant § € (0,1), both depending only on d, X\, A, p and Cy, with the
following property. Let Py € R'24 r >0 and £ > 0, and let v > 0 be an admissible supersolution with

Aleksandrov data (p,Ca) in an open set containing ®p, ,(T:). If
[{u >} n Q7 (o) = (1 —n)|Q7 (Po)

b

then u > 8¢ on QI (Fy).
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Proof. We assume ¢ > 0. Applying Lemma 9.2 directly on @, (Py), with the choice (9.11), gives
(9.31) u>30  on®p ,(B).

We start every path at the image P_ = (t_,z_,v_) of (71%, 0,0) under ®p, ,:

(9.32) t_ =ty — %r2, v_ = v, x_ =z — (to —t_)vo,

with zero acceleration before t_. We use

(9.33) Ty = %7"2, Kg = %8*37"3, Koy = 1—167“.
In the coordinates of the cap, this initial tube has times in [—3—72, —1—36], position radius %8’3 and velocity

radius 7-. It lies inside (9.8), so (9.31) supplies its lower bound.

For P € Q™" (P,), the travel time Tp = tp — t_ lies between %7“2 and T} = (m + 1)r?, and exceeds
To. We use the cubic Hermite path (9.28) from (z_,v_) to (zp,vp). Its position mismatch is
xp—x_ —Tpv_ =xzp —x0 — (tp — to)vo, bounded by (m + 2)r® by (9.5); the velocity mismatch is at
most 7. Hence its acceleration is bounded by

H = (384(m +2) +32)r~".

Integrating this bound, including the zero-acceleration extension before t_, gives a constant ¢,, > m+3
such that

(9.34) |Z(s) — vo| < emry |Z(s) — @0 — (t— + s — to)uvo| < emr®, Ty <s<Tp,

with ¢, depending only on m. We take T, = {(t,z,v): —2 <t <m+1, |z|,|v] < ¢y + 1}. It contains
the two required cylinders. The path bounds, together with &, < 7, K, < 73 and t_ — Ty > tg — 212,
place every tube inside ®p, (7).

Lemma 9.3 now gives u(P) > 3¢yopf. Its four ratios (9.12) depend only on m, uniformly in P, Py, 7.

Thus 6 = %cprop has the asserted dependence. O

9.6. Positivity from every positive density. We no longer assume that the positive set fills most
of a cylinder. Starting from any fixed positive fraction, we lower the level from 1 to §, then to §2, and
so on. At each level, a cylinder on which the set is nearly full gives positivity on its forward stack by
Lemma 9.5. The covering theorem then forces the measure of the next superlevel set to grow, up to
an error controlled by a small radius threshold. After finitely many steps there must be a nearly full
cylinder of radius above that threshold. Its cap can be joined to every point of the target cylinder by
Lemma 9.3.

In the proof we choose the number of levels from the initial fraction 3, then choose the radius threshold
small enough to control the accumulated covering error. This order is important: propagation from
a smaller cap gives a weaker lower bound, but the chosen cap still has a positive lower bound on its
radius. The sampling and target cylinders are fixed inside the original cylinder, with the target sharing
its top time, so the final estimate can be iterated on smaller cylinders.

Theorem 9.6 (Growth lemma). There are ¥ € (0,1) and a kinetic cylinder ¥ with ¥ C Q7 (0),
depending only on d, A, A, p and Ca, and, for every B € (0,1], a constant kg > 0 depending only on
and the same parameters, with the following property. Let Py € R™24 and R > 0, and let u > 0 be an
admissible supersolution with Aleksandrov data (p, Ca) in an open set containing Qz(Po). If

(9.35) {u>1}n@p, r(2)| > B|®p, r(D)],
then
(9.36) u> kg onQyp(Fo).
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Proof. Step 1: the reference geometry. Relative time, velocity and transported position scale under
®p, s as s2,s,s%. Thus

(937) (I)Po,s (Ql_ (Pl)) = Q; ((I)PO,S(P,))a q)Po,s o (I)P/,r = (bépO,S(P’),srv

and the same scaling carries forward stacks to forward stacks.

We put P# = (—(m +2),0,0) and X* = Qi (P*), whose times fill (—(m + 3), —(m +2)). A kinetic

cylinder Q7 (P) C ¥¥ has r < 1 and top time at most —(m + 2), so its forward stack lies in {t < —2},
whereas Q7 (0) lies in {—1 < t < 0}. We choose a bounded open set G C {t < 0} containing

(i) ¥ and Q; (0);
(ii) ®p,(T) for every kinetic cylinder @, (P) C ¥*, with 7, as in Lemma 9.5;
(iii) the points (¢ +s,Z(s) +y,Z(s) + V) with |y| <1, |[V| <1 and —1 < s < T, where Z runs over
the paths that join a point (¢',2(0), z(0)) of ¥ to a point of Q7 (0) in a time T € [m+1,m+3],
being the cubic Hermite path of (9.28) on [0, 7] and of zero acceleration on [—1, 0].

These sets are bounded and lie in {t < 0}. Indeed, the images in (ii) have top time at most —1. The
paths in (iii) have travel time in [m + 1, m + 3], endpoints in fixed bounded sets and acceleration at
most 6(m + 5) + 8 by (9.28).

We choose g > 0 small enough that &, ., (G) € Q7 (0) and ®g ., (XF) C Q7 (0). We set ¥ = &g ., (X4),
¥ =¢g and &, = ®p, g.,- These choices depend only on the stated parameters, and (9.37) gives
®,(9) C Qr(F),
(9.38) . () = @, r(2) = Bk = Qpe, (P4 (PF)),
2, (Q1(0)) = Qyg(Ro)-
In particular w > 0 is an admissible supersolution in an open set containing m

Step 2: a dense cylinder whose radius is bounded below. Let ro € (0,1) and j > 0, and suppose that
some kinetic cylinder @, (P) C X satisfies

(9-39) r>roReg,  [{u>d}NQr(P)| > (1-n.)|Qr (P)].

The cap construction in Lemma 9.5 gives P_ € ¥ and u > %Jj on an initial tube with the data (9.33).

We join it to any P’ € Q4 ,(P) by the cubic Hermite path, continued with zero acceleration before its
start.

In the coordinates of ®,, the travel time lies in [m+1,m+ 3] and the acceleration is at most 6(m+5)+ 8.
The radius becomes R’—;O € [ro, 1], so the initial duration and the two tube widths in (9.33) have positive
lower bounds depending only on ro. These tubes lie in ®,(G) by (iii); the affine map preserves the path
class and the ratios (9.12). Using the largest travel time and acceleration and the smallest duration
and widths, Lemma 9.3 gives one constant ¢y, > 0, depending only on d, A\, A, m, rg, such that

(9.40) u> 30087 on Qup(Py).

Step 3: iteration over the levels. Let f € (0,1] and let u satisfy (9.35). We choose N € N with
a=NB > 1 —n,, which is possible because a < 1 by (9.30), and then ro € (0,1) so small that

Py Camr3
(9.41) LY a*<a™Mg—(1-n), Lo=_—_20

i=0 Q1 (0)]
The order is important: N is chosen from §, then rg from (9.41), and finally ¢pac from Step 2. All
earlier constants are already fixed. We put E; = {u > 0’} NXg, e; = % and Fj = {u > 67T} N, (G)

for 0 < j < N, so that eg > 3 by (9.35). If (9.39) holds for some j < N then (9.40) gives u > 3cipacd”™
on Qur(FPy) and we are done; assume therefore that (9.39) fails for every j < N — 1, and fix such a j.
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We pull E;, F; back by @5, = @4, (pt), re, to sets E, F on the unit-cylinder geometry. Then E' C FNQ; (0)
and FNQ; (0) = &' (Ej41). Every cylinder contained in Q7 (0) on which E has density at least 1 — 1.
has radius less than 7o, since otherwise its image would satisfy (9.39). For each such cylinder @, (P),
the comparison region satisfies

Doy (P),rreo (T) = Pu (P, (p),r(T5)) € u(G)
by (ii) and (9.37); its closure lies in the open set of admissibility. The image of Q7* (P) is Q"% (®x(P)),

rReg

so Lemma 9.5 gives Q™" (P) C F. Theorem 9.4 therefore applies. After division by |Q7 (0)], it gives
(9.42) e; < a(€j+1 + L())7 that is €jt1 = a_lej —Lg.
Iterating (9.42) over j =0,...,N — 1 and using ey > S and (9.41),

N—1
eN zafNeo—Lo Zaik >1—1n.
k=0

The cylinder X itself, of radius Reg > 1o Reg, therefore satisfies (9.39) at the level N, and (9.40) gives
u > %cmaccSN on Qyx(F). Both alternatives thus yield (9.36) with kg = %cmacéN > 0, a constant
depending only on 3, d, A\, A, p and Cj. O

9.7. Oscillation contraction. We normalise the solution between —1 and 1. At least one of the sets
{u < 0} and {u > 0} occupies half the sampling cylinder. In the first case the growth lemma applied to
1 — u lowers the upper bound on the target; in the second, applied to 1 + u, it raises the lower bound.
Either way the oscillation decreases by a fixed factor. Only affine changes of the solution are used, so
no truncation or extension by zero is needed.

Proposition 9.7 (Oscillation contraction). Let @ be as in Theorem 9.6. There is q € (0,1), depending
only on d, \, A, p and Ca, such that, for every Py € R™24 and R > 0, every admissible solution u

with Aleksandrov data (p,Ca) in an open set containing Qr(Fo) satisfies

(9.43) 0SC= (py) U < qOSCH—(p ) U-

Proof. We may assume k1 <1 and normalise v so that —1 < u < 1 and its oscillation on Qp(P)
is two; the constant case is immediate. At least one of {u < 0} and {u > 0} fills half the sampling
cylinder. By replacing u with —u, we may assume it is {u < 0}.

u
T+e
supersolution on O N {u < 1+ €}, which contains Q5 (F). It is at least one on {u < 0}. Theorem 9.6
gives

If O is the open set of admissibility, then for every € > 0 the function 1 — is a positive admissible

w<(1+e)(1—ry) on Qu(Py).

Letting € | 0 reduces the oscillation to at most 2 — k1. Undoing the normalisation proves (9.43) with
_1_1 ’

qg=1-3k 1 O

log %
log %

same centre gives OSCQ;kR(Pl) u <k 0SCq— (py) U- For 9**1R < p < ¥*R, inclusion of the cylinders and

Proof of Theorem 9.1. We use ¥, ¢ from Proposition 9.7 and put o = min{1, }. Tterating at the

q < 9 therefore imply
Ca (PN
(9.44) 0SCq= (py) U <9 (E) 08C— (py) U-

For P, P’ € C, we order the times so that P is earlier and put p, = di(P, P’). If p. > 0, both points lie

in Qp, (P’) by (9.4). The set
Qrge = |J Qag, (P

prec
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is compact as the image of C x 7 (0) under the kinetic affine map, and is contained in 2. For p, < Ry,
we apply (9.44) with centre P’ and radius Ry; continuity includes the two points in the closure. For
p« > Ry, we use the oscillation on Qp, ¢ directly. Both cases give (9.7); p. = 0 means P = P’. O

Remark 9.8 (What the exponent is used for). The exponent p enters only through Lemma 9.2 and the
choice (9.11). All that is required there of the right-hand side of (9.6) is that it tend to zero with the
measure of the set {¢) > u} on which the source is counted, so that every p < oo serves and Theorem 9.1
needs no lower bound on p. A bound by the supremum of the source alone, having no gain from the
measure of that set, does not start the argument.

9.8. The two coefficient classes. For the classical solution class used here, the maximum principles
apply on every compact inner cylinder.

Corollary 9.9 (Holder continuity for coefficients depending on time and velocity). Let A satisfy (1.4)
and let Q C R'*2 be open. Every bounded u € C112(Q) solving Lau = 0 almost everywhere in
satisfies (9.7), with C and a depending only on d, A and A.

Proof. We apply Proposition 7.1. For P, P’ € C with di(P, P’) < iRo, centre the cylinder at whichever
point has the later time, say P. Both points lie in the closure of its inner half-cylinder. The spatial
increment in Proposition 7.1 is one of those defining dj, and continuity permits the point on the top
face. Its outer cylinder lies in Qpg, ¢, so the proposition gives (9.7). For pairs at distance at least iRo,
the oscillation bound gives the same conclusion after increasing C'. O

Corollary 9.10 (Holder continuity for autonomous coefficients in one space dimension). Let d = 1, let
a:R xR — [\, A] be Borel measurable and let Q C R3 be open. Every bounded u € C112(Q) solving
Lou =0 almost everywhere in Q satisfies (9.7), with C' and « depending only on A and A.

Proof. For every smooth test v, apply Theorem 1.2 and Corollary 1.3, with p =6, to ¥ —w and ¥ + u
on each compactly contained kinetic cylinder. Their sources are L, which is bounded and Borel.
Thus « and —u satisfy (9.6), and Theorem 9.1 applies. O

For a Borel coefficient these remain a priori estimates for solutions of the stated classical regularity; no
existence assertion is made.

APPENDIX A. CONSTRUCTION OF THE SOLUTION OPERATORS

This appendix proves the three statements that were used but not proved in the body: the terminal
solution operator and its kernels (Proposition 2.1), the Duhamel potential (Lemma 2.3), and the Green
and exit measures on a velocity strip (Proposition 8.1).

Theorem A.1 (Hérmander [13, Theorem 1.1]). Let Xo, X1,..., Xk be smooth real vector fields on
an open set O C RY such that the Lie algebra generated by Xo, ..., Xy spans RN at every point of O.
Then every distribution u on O with (Xo + Zle X2 +c)u € C(0), c € C*(0), belongs to C=(0);
here c is real-valued.

For our operator, the positive square root 5 = B 3 is smooth. We put
Xi =Y Bij0u,  Xo=0,+b(v) Vo= ckdu, k=Y BijOu,Bik-
J k 0,J
Then K = Xo+ ), X2. The X; span the velocity directions, and the z-components of [X;, X,] are

Db(v)B;, where f; is the ith column of §. These span the z-directions by (2.1). Modulo these directions,
Xo gives 0,. Thus Theorem A.1 applies, also when B depends on z.
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Proof of Proposition 2.1. We fix a finite time interval [o_,7] and F € C(2, x RY). We write
Ke =K+¢eA,, 0<e<1. We construct its terminal solution and then let ¢ | 0.

Comparison and boundary barriers. Straightening the moving domain by Y = v — (o) adds the drift
—v'(0) - Vy. On a bounded cylinder the usual maximum argument, applied to u+ do, gives comparison
for I, including € = 0. We apply it successively across the finitely many smooth pieces of . Since b
has at most linear growth, for C sufficiently large

d=eCUDAL|Y)P+2?), KP<-® (0<e<1).
Here C' depends only on bounds for v,7’, b(0), Ly, d, A on the fixed interval. Comparing u — §® on
bounded truncations and then letting § | 0 proves comparison for bounded functions on the full moving
domain.

We suppose Q2 = By, and put d = ro — |[v —y(o)|. With L, a Lipschitz constant for v, we set

0

1— e—mt

K

In a boundary collar, with e = ﬁ,

!
K.w(d) = w"e- Be — |u}7|(trB —e-Be)+uw'y e <w'(Ly— k) <0.
v—7
We choose d, > 0 smaller than iro and half the distance of supp F' from the terminal moving velocity

boundary. The functions || F||so Z;’((dd*)) and £F + (17 — o) Mp, where Mp = supg<.<; ||KcF||o, are lateral

and terminal barriers. Comparison gives

w(d

(A1) lue| < ||Foomin{1, ((d ))}, |lue — F| < (1t —0)Mp near o = 7.
W\ dx

Compact support of F', its positive terminal-boundary distance and the common Lipschitz bound on the

approximating curves give a terminal neighbourhood uniform in the exhaustion and in . For Q = R¢

there is no lateral barrier and the terminal bound holds throughout the interval.

Construction. For € > 0, we approximate v uniformly by smooth curves v, with the same Lipschitz
bound. We choose i | 0 with agy; < iak and ||y — V]loo < %ak. The balls By, _q, (7£(0)) then
increase to ,. In the straightened variables V' = v — v, (o), we use the ellipsoids
V2 |22

— <1

(ro — ag)? + L2
and let L — oo. For Q = R%, we use balls in R?¢. These are fixed smooth bounded spatial domains.
We take zero lateral data and the transformed terminal datum F, choosing k, L large enough that
its compact support lies strictly inside the terminal domain. The datum and all its derivatives then
vanish near the terminal-lateral corner. After time reflection, the coefficients are smooth and uniformly
parabolic for each fixed € > 0, and the data satisfy the boundary compatibility conditions. Classical
Dirichlet solvability [19, Theorem 5.14] therefore applies. Its regularity constants may depend on the
truncation and on ¢; the uniform bounds used in the limit come from our comparison barriers.

The barriers are uniform along the exhaustion. For fixed § > 0, we choose m with %am < 0 and
compare on By,—s(v(0)) x {|z] < R}, contained in the approximating domains for large enough
ellipsoidal truncations. Its velocity face is within § + %am of each approximating ball boundary. The
terminal data agree, and the difference at the artificial position boundary is at most 2|/ F||cc. Growth
comparison gives

P 3
(k) _ D) <« = >
lug ug |_C(1+R2+w(6+2am>) (k,l >m)

on each common inner cylinder, once its ellipsoidal truncations are large enough. We let R — oo,
m — oo and § | 0. This proves local uniform convergence. In the whole space the same argument uses
only ®. The limit solves K.u. = 0 distributionally, is smooth by Theorem A.1, and satisfies (A.1). For
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e>0,put Y; =/29,,. Then K. = Xo+ >, X7 + > Y7, and Xo, X1,..., X4, Y1,..., Yy already span
R*24 at every point, so Theorem A.1 applies to u. without brackets.

We now take a weak-x limit in L>° as ¢ | 0. For every compactly supported smooth test function,

(A.2) /uE(IC*w FEA) =0, K=~ + S Dy (Boyt) — (o) - Vot

i,
The last term carrying ¢ tends to zero, so the limit solves Ku = 0 and is smooth by Theorem A.1l.
The bounds (A.1) pass first almost everywhere, then everywhere by continuity. They give the required
terminal and lateral traces, including the corners. Positivity and contraction pass from the approxima-
tions. Growth comparison gives uniqueness, independence of the subsequence, and independence of o_.
This proves (i).

Kernels and composition. At a fixed starting point, F' + u(o,v, 2) is a positive functional on C,.(€2, x R%)
of norm at most one. Riesz representation gives K, »; we use its integral to define S, on bounded
Borel data.

For o < r < 7 and smooth F' > 0, choose smooth compactly supported ®; 1S, F. Comparison gives

Vi=supSs,®; < S, F.
J

The bounded monotone limit V is a distributional solution, hence smooth. It has zero lateral trace
by domination. Its terminal trace at r is S, - F: approximate that trace by ®; uniformly on compact
sets, use the terminal bound in (A.1), and control the complement by é®. Growth comparison now
gives equality. Uniform approximation and the monotone class theorem extend composition to bounded
Borel data.

For joint measurability, we choose continuous cutoffs x,(7,w) 1 1, (w), smooth in w with locally
bounded derivatives, whose supports stay a positive distance from 9€2, locally uniformly in 7. We
fix ¢ € C°(R?*?) and write F, = x;(,)¢. Near any fixed terminal time, these data have a common
compact support away from the moving boundary. Comparison with F, &+ C;(7 — r) gives

S Fr — Frlloe < Cj(1 — 1)
for nearby r < 7, with Cj locally uniform. Composition and contraction therefore give
[So,7Fr = So,m Frolloe < [[Fr — Frylloe + Cjl7 — 70l o <min{7,7o}.

For fixed 79 the solution is smooth in (o, v, z), and the terminal bound also handles 0 = 7. Thus these
cutoff-test evaluations are jointly continuous. Monotone convergence for ¢ > 0, followed by a monotone
class argument, gives Borel evaluation of every Borel set. This proves (ii) and (iii).

Domain monotonicity follows by comparing the two terminal solutions on the smaller domain and then
using Riesz uniqueness. When B is independent of z, uniqueness also gives translation covariance.
Consequently the velocity marginal is independent of the starting z. For ¢ € C2°(£2,), approximate the
terminal datum @(w) by p(w) X(%’), with increasing cutoffs in z’. The limit V' is the bounded monotone
limit of the classical solutions SF); by dominated convergence it solves KV = 0 distributionally, so
it is smooth by Theorem A.1. It is independent of z, and hence solves 9,V + B : D2V = 0. The two
boundary estimates are uniform in N: the lateral distance is unchanged, and the extra derivatives of
X(%) are bounded by % + % on the velocity support of ¢. Thus the limit has datum ¢ and zero
lateral trace. Parabolic comparison identifies it with the stated parabolic solution. This proves the
remaining items. O

Proof of Lemma 2.3. Kernel measurability and contraction make (2.7) a Borel integral with 0 < W, <
(T+ — 0)||g|lco- Its identification with the Green integral is (2.6). For ¢ € C2°(U), put u, (o) = Syrg(r).
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Fubini, integration by parts up to ¢ = r — h, and the terminal trace give

T+

/ WK = f/ lim up(r — h)p(r —h)dvdzdr = 7/ g.
u —o0 MO Jq, _j, xRd u

Contraction justifies dominated convergence; the only boundary term is at » — h, since v is compactly

supported in #. Thus KW, = —g distributionally, and Theorem A.1 gives smoothness.

The velocity distance of supp g from the moving boundary is positive. Hence the lateral estimate (A.1)
holds uniformly for the data g(r,-) and, after integration, gives

Wy < (7y = gl min {1, 20 4.

This proves the zero lateral trace; the terminal trace follows from the first bound. Omitting z gives
the parabolic statement. Finally, the distributional identity extends to bounded Borel sources by a
monotone class argument and dominated convergence. Smoothness is asserted only when the source is
smooth. (]

Proof of Proposition 8.1. We apply Proposition 2.1 with z = X, b(v) = v, B=a and Q = H. We
define

S+
(A.3) / Fdrf = / / F(r, X" w) K ((ve, X), dwdX')dr.
Se H xR

This is a positive Borel measure, Borel in e and independent of s_. Contraction gives its mass bound
54 — 8¢. For the other bound, put q(v) = (v — h_)(hy —v). Since K,q = —2a, comparison with 5%
gives W, < % for smooth compactly supported 0 < g; T 1. Monotone convergence proves (8.3). In
particular, for every bounded Borel source,

. q(v)
‘Wg‘ < ||9||oom1n{5+ -, 2)\} .

Thus W, has zero terminal and velocity-boundary limits.
The exit measure. Let £ = ({s1} x R x H)U ([s_,s4] x R x 9H). For ¢ € C>(R?) put

Uy = ¢ - W,}Ca¢.
The distributional Duhamel identity makes u4 a bounded smooth solution of Kques = 0, with boundary
value ¢ on £. Growth comparison gives positivity and [[ug, — ug,|lcc < [|¢1 — @2l (g). Uniform
approximation therefore defines a positive boundary solution operator E on C.(£). Riesz representation

gives Eh(e) = [ hdwf, with mass at most one. For h € C.(£), Eh is continuous as a uniform limit of the
smooth u4; the monotone class theorem therefore gives Borel dependence of wH on e. By construction,

(A.4) oe) = [ oaul! - /y Koo drH.

This identity also holds for smooth ¢ bounded on .7 with K,¢ bounded on .. Indeed, we insert a
position cutoff ng and a time—velocity cutoff equal to one near [s_,sy]| x H. The only remaining error
satisfies

2V;
[ oroart| < 2 ot ) —o.

(€) = 1; time cutoffs supported before s, show that w! is carried by {s > s.}.

H

e

Taking ¢ = 1 gives w

Support and the full Green identity. We choose a smooth bounded increasing function x with bounded
derivatives, zero on (—oo, 0] and with x, x’ > 0 on (0,00). For § > 0 put p+ = £(X—X.)— (Ve +9)(s—se).
Then Kox(p+) < —0x'(p+) and x(p+(e)) = 0. The Green identity is a sum of two non-negative integrals,
so both measures vanish on {p+ > 0}. We let § | 0 to obtain the cone. If the velocity has sign ¢, use
also p = —¢(X — X.) 4+ (vg — §)(s — s.) to obtain the lower cone bound.
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There is no exit mass on the initial velocity face. To see this, let my and ¢ be the midpoint and
half-length of H, and dy = ¢ — |v. — mp| > 0. The function

: _ h(k(v — mpg))
Ty .. _ Ar?(s_+6 s)COS
onls,0) =e cosh(kf)

satisfies K, Yg . < 0 and is at least one on {v € OH, s < s_ + 6}. The Green identity therefore gives

do

H Ar?0—kd —ﬁ
EaH, <s_40V<2 0 = 2¢” A0 .
We {U s<s— + } X Z€ e K 9A0

Letting 6 | 0 shows that w!? is carried by 97.#. Uniqueness of bounded homogeneous solutions with
prescribed exit values now also proves its independence of s_.

For later use we extend (A.4) to every bounded ¢ € C112(7) N C (. U 81.%) with bounded K., at
an interior starting point. The function u = ¢ — W_x_ is a bounded smooth homogeneous solution
with exit value ¢. To approximate its boundary values, take a smooth increasing x1, zero below 0 and
one above 1, and put

0; =) x1(E(X = Xo) = (Vi + 1)(s — se) — j).
+

Then £,0, <0, ©,(e) =0, and ©; > 1 when | X —X.| > j+1+ (Vg +1)(s+ —s_). We choose a smooth
compactly supported position cutoff 0 < p; <1, equal to one when | X —X.| < j+1+(Va+1)(s4—s-),
and a smooth time cutoff 0 < n; < 1, zero for s < s_ + % and one for s > s_ + 1. For large j,
the boundary datum h; = p;n;¢, extended by zero at the initial velocity face, belongs to C.(€) and
converges to ¢ on d7.7. On 0.7 its discarded part is bounded by ||¢[|o0(©; + T%ﬁj), where k; = %:
the first barrier controls the position cutoff, and the second is at least one on the early velocity face.
Growth comparison yields

jd3
lu(e) — Ehj(e)] < 2[¢[lce™ ™ — 0.

Dominated convergence against w proves the Green identity for this class. The class in (i) also permits
a starting point with s, = s_: we first lower s_ and use the independence just proved.

Monotonicity and decomposition. Formula (A.3) and domain comparison give monotonicity in sy and
H. Integrating in the starting measure gives (iv), and Lemma 2.3 gives (vi).

For Hy C Hy, we take F' € C°(Sy,) and h continuous and compactly supported on its closed exit
boundary. The function

W(e) = /Fdrgz +/hdw§2

is bounded and smooth, solves K,W = —F, and has exit value h. Its restriction to the smaller strip
belongs to the enlarged test class just proved, including across the internal boundary . We apply the
Green identity there, split the boundary integral along X, and integrate against v. This gives

[ract s [hastt = [Faei + v+ [ hd@l o, + o)

Taking h = 0 and F' = 0 separately proves (v) by Riesz uniqueness. For a finite union of intervals, we
add the component identities.

Finally, we let s; 1 co. The Green measures increase, with total mass bounded by %. Their limit
inherits the cone and monotonicity. For tests vanishing after a finite time 7', the Green integral is
already independent of s, > T'. The identity then shows, by Riesz uniqueness, that the exit measures
restricted to {s < T, v € dH} are also independent of s; > T. These consistent restrictions define the
infinite-horizon exit measure and give the claimed limiting identity. O
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APPENDIX B. CONSTRUCTION OF THE BELLMAN BARRIER

We prove Proposition 8.10. The first step excludes positive stationary adjoint measures with a certain
homogeneity. The second turns that exclusion into a barrier by separation. We work with measures
throughout; no smooth adjoint density or extremising coefficient is assumed.

B.1. The homogeneous adjoint exponent. We write 8,(X,v) = (r*X, rv) and p(X,v) = (X2+0°)s.
We consider nonzero pairs of positive Radon measures (u, ) on the punctured plane satisfying

—0x (vi) + Opon = 0, A <n < Ap,
p(6.E) =r*Pu(E),  n(6.E)=r*"n(E).
The exponent 4 is the homogeneous dimension of position and velocity, without time. We call 5 the
density degree, meaning the scaling in this display; a density need not exist. We define [, as the
supremum of the degrees for which such a pair exists. The time integral of the constant-coefficient

Gaussian kernel gives a positive stationary fundamental measure of degree two. Its source is at the
origin, which is excluded here, so 5, > 2.

(B.1)

Lemma B.1 (A strict gap below degree three). We have 2 < 8, < 3, and B, depends only on %

Proof. We first exclude every 5 > 3. On X > 0 we write X = s® and v = sy. Homogeneity gives
dp = s*Pds F(dy), dn = s3"Pds H(dy), M < H < AF.
Testing (B.1) with separated functions of s and y yields

1 -2
(B.2) /cp”dH— g/y2<p/dF+ ﬂT/ywszo.
Yy !

Indeed, the transport derivative of ((s)¢(y) is 5£¢"¢ — ;{%Ccp’ ; integration by parts in s gives the last
term in (B.2).

The distribution J = H' + 3y*F satisfies J' = —%yF, so it has a locally bounded-variation
representative. Thus H’ is a Radon measure. A measure whose derivative is a measure on an interval
has a bounded-variation density: subtracting a primitive of the derivative leaves a constant distribution.
We obtai{llH = hdy, and comparison gives F' = fdy with A\f < h < Af. The identities then imply
h,Je W, ..

loc

We set

_ — Y Y
cﬁ=632, dﬂ:¥7 I(y):/o 2f(2)dz, M(y)Z/O 2 f(2)dz.

Two integrations give

(B3) h(y) = ho + joy - ngl(y) + dgM(y), ho = h(O), jo = J(O)
Local finiteness on rectangles meeting X = 0 away from the origin gives the tail condition
(B.4) [ rwlltdy < o

ly|>2

For example, on a rectangle with 1 < v < 2, substituting s = 7 in s378 ds f(y) dy gives the factor y”—*
after integration in v. Negative velocities give the other tail.

For y > 0, we have I(y) >0, 0 < M(y) < yI(y) and cg — dg = % Non-negativity in (B.3) implies

hy) _ho | . 1
0< ——= < — +j0— s1(y).
W) <20 4o - 310)
M(y)

Hence I(00) < 0o. Dominated convergence gives

hly)
Y

- 0, and therefore

lim
y-)OO

= jo — cgl(00) > 0.
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A positive limit would force f(y) > cy for large y, contradicting (B.4). Thus jo = cgl(c0), and
h(y) = ho + cpy(I(c0) — I(y)) + dsM(y) = ho.

Since 8 > 3, the weight in (B.4) has divergent integral at infinity. Comparison forces hy = 0. Near
zero, (B.3) now gives h(y) = joy+o(|y|). Non-negativity on both sides of zero forces jo = 0. Consequently
I(00) =0, and f = h =0 on the positive half-line.

For y = —2z <0, we have 0 < —M(—z) < zI(—z). With hy = jo =0, (B.3) gives
h(=2) > (cs — dg)zl(—z) = §1<_z>.

Any positive mass of f on the negative half-line would make I(—z) bounded below for large z, again
contradicting (B.4). Both angular measures vanish. Reflection (X, v) — (=X, —v) gives the same
conclusion on X < 0.

The remaining pair, if any, is supported on X = 0, v # 0. Writing p = do(dX)m(dv) and n =
do(dX)n(dv), the equation becomes

—80(X) ® (vm) + (X)) @ n" = 0.

The independent normal distributions force vm = 0. Since the origin is excluded, m = 0, and comparison
gives n = 0. This contradicts nontriviality.

Excluding degree three alone does not yet give a strict gap. We suppose, for a contradiction, that
admissible degrees ; 1 3 exist. We choose 0 < x = xo(p) < 1, equal to one on 1 < p < 2 and supported
in % < p <4, and normalise by [ xdp; = 1. The normalising integral is positive because a dilation of
this annulus meets every nonzero homogeneous measure. On Ay = {1 < p < 2} we have p,;(A4g) <1,
and homogeneity gives
11 (0ax Ag) = 2FPD 1 (Ag) (k€ Z0).

Every compact subset of the punctured plane is covered by finitely many of these annuli. The degrees
are bounded, so their masses are uniformly bounded; the same holds for n; < Ap;. A subsequence
therefore converges vaguely to a pair (u, 7).

The normalisation passes to the limit, giving [ x du = 1. Testing with compactly supported smooth
functions passes the adjoint equation and ellipticity inequalities to the limit. For a fixed » > 0 and
compactly supported continuous F', we pass to the limit in

/F05rd,uj :rﬁj*‘*/quj,

and likewise for 7;. Thus the limit is a nonzero pair of degree three, which we have just excluded. This
proves B, < 3.

Finally, the map T(X,v) = (AX,v) commutes with §,. The transformed measures
i =Typ,  7=X"Tyn

satisfy the same stationary equation, have the same degree, and obey g < 17 < £. This invertible
correspondence proves the claimed dependence on the ratio alone. O

A
A

B.2. From the degree gap to a universal barrier. We seek one homogeneous function ¢ for which
v®yx + b®,, > 0 for every b € [A, A]. If no such function existed, separation would supply a positive
measure that annihilates all these expressions. Extending that measure by homogeneity produces a
stationary adjoint pair of degree 2 + a. Choosing 2 + « > B, rules out this alternative and yields the
barrier.

Proof of Proposition 8.10. We fix 8, —2 < o < 1 and put ¥ = {p = 1}. In the space C(X x [, A]), we
consider the linear subspace of functions

(2,0) —> V@ x (2) + 0D,y (2), z = (X,v),
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where ® ranges over the C2, a-homogeneous functions on the punctured plane. If this subspace contained
no strictly positive function, neither would its closure: strict positivity on a compact set is open in the
uniform norm. Hahn—Banach separation from that open cone then gives a nonzero continuous functional
which vanishes on the subspace and is non-negative on the cone. By approximation with strictly positive
functions it is positive on all non-negative functions. Riesz representation and normalisation give a
probability measure IT on ¥ x [X, Al.

We extend it radially to two positive measures:

A(F) = //OOO 1= F(8,2) dr dlI(z,b),
n(F) = //OOO bri=®F(6,2) drdll(z,b).

They are nonzero and locally finite on the punctured plane, obey the ellipticity comparison, and have
density degree 2 + a. For ¢ € C%(R?\ {0}), the function

Oo(2) = / r1TC(6,2) dr
0
is C2? and a-homogeneous. The identity

(vOx + DOy )[C(6,2)] = 12 [(TU)C)(((STZ) + wa(drz)]

shows that its annihilation by II is exactly

[ecxans [Guan=o

Thus (&, 7) is admissible in (B.1) with degree 2 + a > f,, a contradiction. The subspace therefore
contains a strictly positive function. Its positive minimum on the compact set, followed by homogeneity,
gives (8.33). O

We finally check the origin, as required in Lemma 8.11. The derivatives ®x, ®, and &,, have
homogeneous degrees o — 3, &« — 1 and o — 2. All are greater than —4, so the derivatives are locally
integrable. On 0{p < 0}, the normal surface elements in the X and v directions have sizes O(d) and
O(483). Integration by parts gives an inner boundary term O(§%*!) for one position derivative, and
terms O(§%T3) and O(§%72) for two velocity derivatives. They tend to zero. No distribution supported
at the origin is omitted, and (8.33) holds distributionally on the whole plane.

APPENDIX C. THE AUTONOMOUS COUNTEREXAMPLE

A stationary singularity gives a stronger obstruction than the shrinking smooth bump. We construct a
positive homogeneous function H which solves the homogeneous equation away from the origin and
vanishes there. Flattening 1 — H near the origin preserves its height and confines its source to a small
set. A decaying velocity barrier then removes the initial data without increasing the positive source.

Proposition C.1 (No smaller threshold uniform over ellipticity ratios). For everyd > 1 and 1 < p < 4d,
there are fired 0 < X < A, a fized kinetic cylinder @, an autonomous measurable matriz A(x,v) with
Mg < A< Alg, and smooth non-negative functions U; such that

1
U; =0 on the initial and full lateral boundary of Q, supU; > —, 1(£AU;)4 || (@) — 0.
Q

'S

The same conclusion holds with smooth autonomous matrices A; in place of A, with the same ellipticity
bounds. Here Lo = 0y +v -V, — A: D2. The bounds may depend on d,p, but do not change along the
sequence.
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C.1. A positive homogeneous profile. We fix 0 < o < 1 and seek a coefficient A and a function H
with

(C.1) H(r3z,rv) = r*H(x,v), H = p*, A:D?H =v-V,H, p= (|x|2—|—|v|6)é.
The equation holds away from the origin. We construct H separately for d > 2 and d = 1.

x )
Y= — and

Dimensions at least two. For x # 0, we put e = e
x| 3

H(z,v) = [2[% ¢(y, e).
Then D2H = |z|*5" D2¢, while v - V, H = |2|*5 T, ¢, where

1

To=(-¢) (50 30 Dyo) + (= (4 0)0) Deoy

Here D, is the tangential gradient on the unit sphere. We arrange for DZ¢ to have a positive eigenvalue
everywhere, and for T,¢ > 0 wherever that Hessian has no negative eigenvalue. A positive matrix can
then weight its eigendirections to give the required trace.

\/1‘7_7 < % and start with
U(yse) = Co+ (0 + 1y — e[’
Writing s = |y — €], its tangential and radial Hessian eigenvalues are

alo? + %271 a(o® +5%)272(0% — (1 — a)s?).

We choose ¢ > 0 with

a
Vi-a©
$(y - e)Cp to the transport term, so we choose it to make T, > 1 there.

Thus the Hessian has both signs outside s < On that small ball, y - e > %. Increasing Cy adds

To extend through x = 0, we remove the dependence on e for large y. We choose a smooth radial cutoff
Xr, equal to one on |y| < R and zero on |y| > 2R, with |[D¥xr| < C,,R™F, and set

¢y, e) = [yI* + xr (W) (¥ (y; €) = |y[).

Near zero this means ¢ = 1, so the apparent singular terms cancel. On the transition annulus,
HD3¢ - D§|y|a|| < C’(COR*2 + R34 O_QROL74)'

The eigenvalues of D2|y|* are a|y|*~? in the tangential directions and —a(1 — a)[y|*~? radially. Since

a > 0, choosing R large preserves both signs on the annulus. Hence M = ngb always has a positive
eigenvalue, and b = T,,¢» > 0 wherever M > 0. Outside |y| > 2R, b = 0.

We write my =tr M, m_ =tr M_ and II,II_, I for the spectral projections of M. Thus my >0
and m_ = 0 implies b > 0. On the compact set {|y| < 2R} x S¥~!, we can choose c_ > 1 so large that
b+ c_m_ > 0: on the closed set {b < 0}, m_ has a positive minimum. The matrix

b+c_m_

A= ——II +c_II_ 4+ 1]
my
is measurable, positive definite and satisfies A : M = b. Its eigenvalues have fixed positive lower and
finite upper bounds on that compact set. Outside it, b+fgm’ = c’él:la), so the bounds are global.

We use this matrix at (y,e) when = # 0. Near (0,v) with v # 0, the profile equals |v|*. It extends
smoothly there. At z =0, v # 0, we set
c—(1—a) SR ~
el Sl S -

d _ 1 ( d v ® U)7 v "Ul i
so the equation continues to hold. We set A(0,0) = I; and H(0,0) = 0, including the value 1 in the
ellipticity bounds. Positivity and compactness on {p = 1} prove H < p%; homogeneity also gives
|D,H| < Cpa~t.

A(0,v) =c_1 @0V +
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Dimension one. We put v = § and choose
(2,v) A, xv <0,
ap(z,v) =

A 1, a2v>0.
Here A\ = 1, and the ratio A > 1 will be fixed below. The values on the axes do not affect the
almost-everywhere equation. For x > 0, the ansatz H(x,v) = 27 F(s), s = — =, reduces the equation

x3

to

a(s)F”—S;F’—i—’ysF:O, a(s)=A (s>0), a(s)=1(s<0).

With z = g this is Kummer’s equation. We use its standard solutions M(a,b,z) and U(a,b,z) [4,
Sections 13.2, 13.4 and 13.7], and set

2 3
F+(S)U<735>7 S>07

37 9A
2 g3 B.s 1 4 §3
F_ =AM|(|—vy, =, — "M==, =, =
(S) Y (7’379)+(9A)é (3 73339>a 5<03
A :& B :F(_%)
T3 -9) T T(—y)

The connection formula gives the same value and first derivative at s = 0; the equation gives F"’(0) = 0.
Both constants A, B, are positive.

We extend by H(—x,—v) = H(x,v). The large-argument expansions give
Fi(s) = (9M)77s"1+0(s7%)), s = +o0,
F_(5)=977(P, — Q,A~3)|s|* + O(|s]*7%), s — —o0,

_ 2sin(my)

P, = cos(my) — sin(r) >0, Q- 7

> 0.
V3

Continuity across x = 0 therefore requires
P, —Q A5 = A,

The left side minus the right side is negative at A =1 and tends to P, > 0 as A — oco. We fix a finite
root. The common trace is H(0,v) = (9A) 7 |v|*.

The transformation U (—, %, z) = Z%U(% -, %, z) and the positive integral representation of the latter
give F.y > 0. The function F_ is positive at zero and for large negative s. A negative interior minimum
would satisfy F' = 0, F”" > 0, whereas its equation gives F"' = —vysF < 0. A zero minimum is excluded
by uniqueness of the ordinary differential equation. Hence H > 0 away from the origin.

The differentiated expansions follow from M’ = ¢ M(a+ 1,0+ 1,-) and U' = —aU(a + 1,b+1,-) [4,

13.3.15 and 13.3.22], applying the same expansions with shifted parameters and the chain rule for the
arguments g—z and %. They give, with C,, = (9A)77,

47

dsi

as s — +oo. In H, = 27! (yF — £F”), the leading terms cancel. The remainder is bounded by C|v|*~3,

locally bounded away from v = 0. The same expansions give the common traces of H,, H,, across

x=0. Across v =0, F, F’', F" agree. Thus H,, H,, H,, are bounded weak derivatives on compact sets

away from the origin, with no singular measures on the axes. The equation holds almost everywhere

and the weak chain rule applies there. Positivity and homogeneity again give (C.1) and |H,| < Cp®~1.

(Fi(s) = Cals|®) = O(Is|**7),  j=0,1,2,



FROM DOBLIN TO ALEKSANDROV 64

C.2. Flattening the singularity and removing the initial data. We use either profile and put
O ={H < 1}. We choose a smooth convex ¥ on [0, o), zero on [0, 1], with 0 < ¥’ < 1 and ¥(s) = s—cy
for s > 2, where 1 < ¢y < 2. For small r > 0, we set

H
U, =1 —cyr® —rov () .

,ra

Then 0 < u, <1 on Q, u, =0 on its boundary and u,.(0,0) — 1. The singularity has been flattened.
The chain rule gives the non-negative stationary source

fr=v-Vau, — A: D?u, = r= 0" (Z) (AD,H, D, H).
T

Its support lies in {r® < H < 2r®}, a set of volume at most Cr#?. There |D,H| < Cr®~1, so
w—24 Ad
(C.2) I follpe(oy < Cro—2t5% .

For the given p < 4d, we choose max{0,2 — 4])—d} < a < 1. All coefficient and geometric choices are now
fixed; only r tends to zero.

To obtain zero initial data, we choose R > supg |v| and set

_ [v|? d\ log 8
B(t,v>=e”t<‘m : T

We have B(0,-) >1,0< B(T,-) < 1, and

2
LB =e M [THA —u( — M)] > 0.

u:ﬁ7 1

R? R?
We choose a smooth convex 6, zero on (—00,0], with 0 < ¢ < 1 and 6(s) > s — § for s > 0. Then
U, = 0(u, — B) has zero initial and lateral values and
‘CAUT < 0/(11’7“ - B)(f?“ - LAB) S fr~

For small r, U,(T,0,0) > 2, while the positive source norm is at most T | frllLe (@) —+ 0. The time T
does not depend on r.

We choose S with S2 > T and Q C Bgs x Bg, and use the fixed cylinder
Q = Q5(T,0,0) = (T — S?,T) x Bss x Bg.

We extend U, by zero for ¢ < 0 and outside 2. This extension has a fixed zero neighbourhood of the
initial and lateral faces: infg B(0,-) > 1, and B > § on [0,T] x €, whereas u, = 1 — H near 0f). For
d > 2 the extension is smooth. For d = 1, we first fix 7 and convolve in (z,v) at scale h. We also extend
fr by zero outside (0,7") x 2. The bounded weak derivatives give

La(Ur xnp) = (LAU) x 0 + €4 p, llernllLr — 0.

Indeed, the transport error is bounded by Ch|V,U,|r». For diffusion, both (AD2U,) * n; and
A(D2U, ) tend to AD?U, in LP. Since the mollifier is non-negative,

(LaUr*mp))+ < frxnn + lern

We choose h = h(r) small enough to keep the error below 7, retain height at least i and preserve the
zero boundary neighbourhood. This gives smooth functions with vanishing positive source. Finally,
mollifying A preserves ellipticity. For each fixed smooth function, the additional error tends to zero in
L? because its velocity Hessian is bounded. Choosing this second mollification scale after h(r) proves
Proposition C.1 with smooth A; as well.

This construction excludes every p < 4d for a suitable fixed ratio. It says nothing at p = 4d, and does
not exclude all p < 4d at each fixed ratio. In particular, it is consistent with the improvement below
four in Theorem 1.2.
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